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Chapter 1 

Introduction 



The early excitements about string theory came from its possible ability to reconcile General 
Relativity with Quantum Mechanics [1-3]. On the one hand, General Relativity explains the 
behaviour of gravity at macroscopic scales. Among its main predictions one can cite the devia- 
tion of light near a matter source, or the relativity and local dependence of time. On the other 
hand Quantum Mechanics brought new insights in the structure of matter at microscopic scales, 
and introduced the ideas of quantization and uncertainty. It explained the discrete spectrum of 
hydrogenoid atoms, or the black body radiation. Quantum Mechanics was extended to Quantum 
Field Theory to describe the interactions of particles when creation and annihilation processes 
take place. Three of the four fundamental forces, electromagnetism, weak and strong interac- 
tions, could be unified in the same Standard Model, a quantum field theory based on the gauge 
group 5*^7(3) X SU{2) x U{\). The Standard Model has given the most accurate results ever 
predicted by a physical theory. However, it suffers from important drawbacks. The gauge group, 
as well as the masses and coupling constants, are put "by hand". Their values are measured, 
and no internal principle can guide us to their origin. Moreover, the Standard Model is only 
defined in flat space-time, which means that it says nothing about the other fundamental force, 
gravity. General relativity describes with great accuracy the behaviour of gravity, but it does 
not include any possible quantum effects of this interaction. It has become clearer and clearer, 
for example regarding space-time singularities in black holes, that a quantum formulation of 
gravity has to be discovered. Besides this, the constant progress of Physics towards unification 
of all interactions is an indication that a formulation of the Standard Model where all forces are 
treated on the same footing may exist. This is where string theory enters the game. 

The fundamental object, the string, has dimension 1. The corresponding action is a Quantum 
Field Theory on the world sheet swept by the strings as it moves in a Z?-dimensional space- 
time. It has invariance under Poincare transformations, world sheet diffeomorphisms and Weyl 
symmetry. If one considers superstrings, the world sheet action is extended to have invariance 
under supcrsymmetry transformations. The mass of the string is determined in terms of its 
internal oscillation degrees of freedom according to 

M'^ ^ ^{N - A) (1.1) 

a 

where A is a constant of zero-energy and is the number of oscillations. For the open string, 
is a general integer and A = 1, for the closed string A^ is even and A = 2. The ground 
state {N = 0) is a tachyon and is projected out by supersymmetry. The first excited level has 
zero-mass, and all other states have masses quantized in units of the Planck mass ^ 10^^ 

V oc' 

GcV. Of course, the massive states have no physical interest, and the particles of the Standard 
Model are to be found in the massless sector. 

One should stress that, in string theory, the dimension of space-time is not set by hand, but 
is determined by consistency considerations. The Fock space contains states which, due to the 

negative signature of space-time, have negative norms. Only in the particular case of D = 10 
are these states absent. The massless physical states thus correspond to representations of the 
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transverse group 50(8). It turns out that one can distinguish 5 different string theories. Here 
we give their main characteristics and their bosonic massless spectra^. 

Type I It is composed of open and unoriented closed strings, has = 1 supcrsymmctry, 
and contains the metric guNi an antisymmetric tensor Bmn, the dilaton 0, and 496 vectors 
with gauge group 50(32). 

Heterotic 50(32) or Eg x Eg Heterotic theories are hybrids of closed strings and super- 
strings. They have N = 1 supersymmetry, and contain the metric qmNi an antisymmetric tensor 
Bmn, the dilaton (p, and 496 vectors A^^ with gauge group 50(32) or Eg x Eg. 

Type IIA It is made of closed strings, has N = 2 supersymmetry, contains the metric gMN, 
an antisymmetric tensor Bmn, the dilaton (f), a vector Am and a 3- form Cmnp- 

Type IIB It is made of closed strings, has N = 2 supersymmetry, contains the metric qmn, 
an antisymmetric tensor Bmn, the dilaton ^, a scalar Z, a 2-form Cmn and a 4-form Amnpq 
with self-dual field strength. 

At first the fact that several consistent string theories could exist seemed unappealing, be- 
cause string theory was supposed to unify all forces in a single framework, and this lack of 
unicity was a serious drawback. But it was realized in the mid 90ies that several relations, 
the dualities, hold between these 5 theories. In this thesis we will concentrate on one of these 
dualities, mirror symmetry. Before describing it in more detail, we need to introduce the notion 
of phenomenology and compactification in string theory. 

If string theory is to be viable, then, in some limit to define, it should be able to reduce to 
the Standard Model, which has given extremely accurate predictions for numerous experiments 
up to now. The mass scale of string theory is of Planck order, and the masses that today's 
experiments can probe are of order 1 Tev, so it is obvious that only a low-energy limit of string 
theory should give the Standard Model. As a first step, one restricts the spectrum to the massless 
particles, which are the only plausible candidates for the known particles. In a second step one 
needs to find a space-time action for these fields. To do so, one uses the constraints implied by 
Weyl symmetry of the string action. The massless fields obtained in the various spectra of the 5 
string theories can serve as coupling functions in the world sheet action. However, not all field 
configurations preserve Weyl symmetry at the quantum level. There is a Weyl anomaly which 
lies in the trace of the energy-momentum tensor and is absent only if the /3-functions governing 
the behaviour of each coupling vanish. This leads to a set of equations that take the form 
of equations of motion. These equations in turn can be obtained from a variational principle 
applied to a space-time action, the supergravity action. This new theory is the low-energy limit 
of the corresponding string theory. 

A fundamental issue is then the search for consistent solutions to these equations of motion, 
called backgrounds or vacua. Finding a consistent background means giving vacuum expectation 
values to all fields of the theory in such a way that the equations of motion are satisfied. A very 
general supergravity describes the dynamics of a graviton, some p-forms, and a set of scalars (or 
0-forms) in the bosonic sector, as well as their supersymmetry partners in the fermionic sector. 
If one's interest is restricted to massless fields without potential, fiat Minkowski space-time with 
vanishing values for all fields (other than the metric) is always a solution. However one may be 
interested in more sophisticated backgrounds for which some fields acquire non vanishing values 
and/or the metric is no longer fiat. 

Finding all solutions is of course an extremely difficult problem; one starts instead from 

^Supersymmetry insures that there is an equal number of bosonic and fermionic degrees of freedom. The 
fermionic spectra arc gcncrically composed of N gravitini and a number of spin 1/2 fermions such their degrees 
of freedom match the bosonic ones. 



9 



simplifying ansatze. In the Kaluza-Klein (KK) framework, the geometry of the D-dimensional 
space-time is that of a product of the space-time ind < D dimensions times an internal manifold. 
Since in this thesis we want to consider theories in d = 4, the KK ansatz reads 

Mm = M4xl6 (1-2) 

where A^io is the product of the 4-dimensional space-time A4/i and an internal compact^ manifold 
Iq. On the fields, it amounts to a separation of space-time and internal variables. A 10- 
dimensional field (p is expanded according to 

= Mx)hn{y) (1-3) 

where x and y are the space-time and internal coordinates, and /i„ are harmonic functions on 
the internal manifold. 

The geometry of the internal space has to be consistent with Einstein's equation 

Run = F^^jf- (1.4) 

where Rmn is the Ricci tensor and F^^ is an i-form field strength. If one assumes that the field 
strengths have no purely internal components, then the internal manifold has to be Ricci-fiat. 
Further information can be obtained by imposing a specific number of conserved supercharges 

in 4 dimensions. Such a condition highly constrains the internal manifold. Take for instance 
type II supergravities in 10 dimensions. These have invariance under the maximal number of 
supercharges, that is, 32. If one wants to obtain an = 2 supergravity in 4 dimensions, the 
internal manifold has to preserve l/4th of the supercharges. These manifolds are known as 
Calabi-Yau spaces. Calabi-Yau compactifications do not produce any potential for the moduli, 
the scalars that parameterize degenerate vacua. Consequently, the vacua correspond to arbitrary 
constant values of the moduli and are degenerate. Moreover, N = 2 supersymmetry remains 
completely unbroken. 

However, for phenomenological reasons, it is interesting to look for vacua where N = 2 su- 
persymmetry is partially or completely broken. To this end, one can relax the above constraints 
for the field strengths and allow for some purely internal components. For consistency with 
Bianchi Identities, the field strengths have to be expanded on the harmonic forms on the inter- 
nal Calabi-Yau space, and the number of flux parameters is determined by the Betti number 
of the cohomology class which is expanded on. The main features of the introduction of such 
fluxes are the gauging of some isometries of the scalar manifold and the appearance of a scalar 
potential. The minimum of this potential is generally obtained for non-vanishing values of the 
scalars, and N = 2 supersymmetry is broken^. 

Under the relaxed constraints including fluxes, it is interesting to study the fate of mirror 
symmetry. Mirror symmetry is one of the dualities relating the 5 string theories in 10 dimensions. 
In the case of type II theories, it states that type IIA supergravity on a Calabi-Yau 3-fold is the 
same as type IIB on the mirror Calabi-Yau manifold, defined by the exchange of odd and even 
cohomologies. This symmetry still holds when Ramond-Ramond (R-R) fluxes are turned on. 
Recall that type II spectra are divided into two sectors. The Neveu-Schwarz (NS-NS) sector, 
common to both type II theories, contains the metric, the dilaton, and an antisymmetric tensor 
(or 2-form), while the R-R spectra contains only forms of different degrees, depending on the 
type of the supergravity. In type IIA, the R-R sector contains a 4-form and a 2-form fleld 
strengths. This means that the R-R fluxes lie in the even cohomologies. On the other side, in 

^Recently it has been proposed that some non compact spaces may play the role of internal manifold, leading 
to large extra dimensions of millimeter size. The mass scale of the string theory is no longer the Planck mass, but 
a mass of order 1 Tev, which solves the hierarchy problem. We will not consider this formalism in the following, 
and we refer the reader for example to refs [4,5]. 

'At generic points in the field space N — 2 supersymmetry is completely broken, but at some particular points 
it can be either partially broken to A'' = 1 or completely unbroken [6]. 



10 



CHAPTER 1. INTRODUCTION 



type IIB, the R-R field strengths are a 1-form, a 3-form, and a 5-form, and the corresponding 
fluxes are found in the odd cohomologies. It can be checked by a KK reduction that the fluxes 
are correctly mapped [7]. 

The case of the NS-NS fluxes is less clear. Since the only NS-NS form is a 3-form field strength 
in both type IIA and IIB, the form fluxes should be found in the odd cohomologies in both cases, 
and there is no possible mirror map. However, the mirror fluxes may lie in the other fields of 
the NS-NS sector, the metric and the dilaton. This has led Vafa to conjecture that the mirror 
manifold should no longer be Calabi-Yau, but shoTild instead have a non-integrable complex 
structure, and the fluxes would be expected to lead to this deformation of the geometry [8]. In 
this thesis we will introduce new manifolds, called half-flat spaces, which we conjecture to be 
the mirror image of a Calabi-Yau manifold when NS-NS fluxes are turned on. We will display 
several checks for this conjecture, which are based on the papers [9] and [10]. 

Compactifications of A'^ = 2 d = 10 super gravities will be the subject of the first two chapters. 
These supcrgravitics bear invariance under 32 supercharges. We will consider compactifications 
on general manifolds with S'[/(3)-structure (which includes Calabi-Yau), and consequently we 
will obtain (gauged or ungauged) N = 2 supergravities in 4 dimensions. Such theories contain 
the gravity multiplet, as well as vector multiplets and hypermultiplets in the matter sector. 
The couplings of these multiplets are characterized by two holomorphic homogeneous functions 
of degree 2, the prepotentials J^{X) and J^iz), one describing each sector. The dynamics of 
these theories is highly constrained by supersymmetry, but there is still room for the choice of 
a prcpotcntial. Supergravities with N > 2 arc of course more constrained, and the maximal 
N for which matter multiplets exist is N = 4. Thus N = A supergravities are of particular 
interest. Their dynamics allows for matter multiplets, but their structure is quite simple since 
entirely determined by supersymmetry. Although the action for this multiplet is known for quite 
long [11,12], until recently a completely satisfactory formulation in superspace was still missing. 
In [13], a set of constraints on the torsion was proposed, and it was argued that the resulting 
multiplet should be equivalent to the one of [12]. The particular features of this formulation 
were that it was making use of central charge superspace, and the vectors (graviphotons) were 
identified in the components of the vielbein carrying central charge indices. However, a complete 
proof of the equivalence between the two formalisms, in components and in superspace, was not 
yet worked out. In this thesis, we will fill in this gap. We will compute the equations of motion 
for all members of the multiplet in the superspace formalism, and we will show that they are 
exactly the same as the one arising from the Lagrangian of [12]. These results were obtained 
in [14]. 

In the second chapter, we describe in more detail the procedure of compactification, in gen- 
eral, and then in the particular case of a Calabi-Yau manifold. The main features of these 
compactifications in the case of type II theories are reviewed, the stress is put on the notion of 
moduli space, and as a conclusion we display the map between type IIA and type IIB super- 
gravities, illustrating mirror symmetry. 

In the third chapter, we introduce the half-fiat manifolds. We recall their properties relevant 
to our purpose, and we motivate our conjecture by compactifying type IIA supergravity on 
such manifolds and showing that it is equivalent to type IIB supergravity on a Calabi-Yau 
manifold with NS-NS fluxes turned on. We then check the converse of the above procedure. We 
compactify type IIB theory on a half-flat manifold, and we show that it is equivalent to type 
IIA on a Calabi-Yau manifold with NS-NS fluxes turned on. We conclude with some conjectures 
about the moduli space of half-flat manifolds and we try to give hints about possible ansatze 
for a description of the magnetic fluxes. 

In chapter 4, we present our work on A'^ = 4 supergravity in 4 dimensions. We recall how 
the use of central charge superspace made it possible to identify the gravity multiplet in the 
components of the vielbein and the torsion, and we show the equivalence with the formulation in 
components by deriving the equations of motions for all members of the multiplet and identifying 
them with the ones obtained from the Lagrangian of [12]. 
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Various elementary notions of differential geometry can be found in appendix Appendix 
Elcontains basic properties of Calabi-Yau manifolds, and many formulae useful for the compact- 
ification are gathered. In appendixlOwe briefly recall the compactification of type II theories on 
Calabi-Yau manifolds with NS fluxes. In appendix El we review a few facts about G-structures 
from the mathematical point of view. We present the computation of the Ricci scalar of half- 
flat manifolds in appendix^ Finally, appendix El displays the components of the torsion and 
curvature for = 4 supergravity in central charge superspace. 
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Chapter 2 

Calabi-Yau compactifications 



This section is a review of the compactification of type II supergravities on Calabi-Yau manifolds. 
Such compactifications were first considered in [15] for type IIA and in [16] for type IIB, see [17] 
for a review in more recent notations. 

In the first part we recall briefly the basics of the theory of reduction a la Kaluza-Klein, 
first on the circle, and then on a general n-dimensional manifold. We emphasize the main 
features of such reductions, and the relations between the topology of the internal manifold 
and the properties of the 4-dimensional theory. Then we deal with the issue of supersymmetry 
conservation during compactification which leads to the emergence of Calabi-Yau manifolds. We 
describe in details the reduction of the Ricci scalar and we introduce the notion of moduli space. 
In the second and the third parts, we turn to the compactification of the bosonic actions for 
type IIA and IIB supergravities. We show how the fields arrange in supergravity multiplets and 
we give the 4-dimensional action. We conclude by displaying the mirror map between the two 
theories. 

2.1 Kaluza-Klein compactification 
2.1.1 Reduction on a circle 

In the case of the compactification on a circle, the d space-time coordinates x*^, split into one 
set of d — 1 space-time coordinate and one internal coordinate y, subject to the periodicity 
condition y ^ y + R where R is the radius of the circle. It is well known that with such a 
periodicity property, any quantity $ can be expanded on a basis of periodic functions 



where ^n{x) is the Fourrier transform of ^{x). We note that the e*"fl are solutions to Laplace 
equation 



with "mass" n/R. In all that follows, we will only consider the low energy limits of string theory, 
supergravities. Thus we will always truncate the summation at the massless level, which means 
that we only keep the term with n = in 1)2. 2|) . called massless mode. For more details about the 
consistency of this procedure, see [18] p. 85 and references therein. As an example, we display 
the massless reduction of the metric 




(2.1) 



n 




(2.2) 




(2.3) 
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When the two indices are external, the d-dimensional metric becomes the {d — 1) -dimensional 
one, when one index is external and one is internal, it has the index structure of a space-time 
vector V^, and when the two indices are internal, it is a scalar (j). None of these new fields 
depends on the internal coordinate y, which corresponds to a massless expansion. This leads, 
up to field redefinitions, to the following expansion for the Ricci scalar 

n = n + F^.F^"' + df.cpdf'cj) (2.4) 

where F^u is the field strength of the vector V^. This is the action for gravity coupled to 
electro-magnetism and an uncharged scalar. 

2.1.2 Reduction on a compact manifold of dimension n 

Kaluza-Klein reductions applied to supergravity have been described in details in [19,20]. Here 
we only give the features that will be relevant to the next sections. The d space-time coordinates 
x*^, split into one set oi d — n space-time coordinates and one set of n internal coordinates 
y™. Let us take the example of a scalar field Suppose that the metric is block-diagonal, 

which will always be the case from now on. Then the d-dimensional equation of motion can be 
written as 

Ad = ml^{x) = Ad_„l> + A„d. (2.5) 
where ^d-n ^-^d A„ are Laplacians in lower dimensions. The Kaluza-Klein ansatz on $ reads 

l>(x^) = <p\xniVi{y"') (2.6) 

where is a set of a priori unknown functions, counted by the index i. We assume that the 
{d — n)-dimensional scalars 0* also obey their usual field equation, which leads to 

ml<t>\x'^)u:,{y^) = m\_J{x^)u,,{y^) + <^\x^)^r\i^,[y^)\. (2.7) 
This means that the functions LOi have to satisfy Laplace equation 

A„a;i = (rn\ - mj_JuJi. (2.8) 

A result of differential analysis states that on a compact manifold, the eigenvalues of Laplace 
operator A are of the form n/S where S corresponds to the size of the manifold, and n is an 
integer. Again, we will only consider massless expansions, for which n = 0. The unknown 
functions are thus harmonic 

AoJi = 0. (2.9) 

The bosonic fields of supergravities are either the metric or forms. The case of the metric is 
described in section 12.1.41 For the forms, the above result generalizes in the following way. A 
p-form Bp is expanded on all harmonic q-forms for < q < p 

Bp = Bi^iOi, + Bi'_^u;i, + ... + Bi^'iOi^ (2.10) 

where uJi^ is a basis for the harmonic 0- forms and so on. For the definition of harmonicity on 
forms, see appendix lA. 21 

2.1.3 Calabi-Yau requirement 

Consider now a supergravity theory in 10 dimensions, compactified on a 6-dimensional compact 
space. On the fermionic side, there is always a gravitino, whose supersymmetry transformation is 
related to the covariant derivative of the parameter. Suppose we are looking for a supersymmetric 
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background, then all vacuum values of transformations of fermionic fields must vanish. For the 
gravitino, we obtain 

<5^M >=<'DAii>=0, (2.11) 
where e is the supersymmetry parameter. We use the Kaluza-Klein ansatz for this spinor 

e(x) = e{x)r,{y) (2.12) 

where e is a spinor in 4 dimensions, and r] is a spinor on the internal space. If we take an internal 
component in (|2.11() . we obtain that rj must be covariantly constant 

V„r/ = 0. (2.13) 

This is a very strong statement. For each covariantly constant spinor on the internal space, 
there is one conserved supersymmetry in 4 dimensions. For type II theories, the Kaluza-Klein 
ansatz reads 

e^{x) = e^ixHy) (2.14) 

where A = 1,2 counts the supersymmetry operators. Since we are interested in = 2 super- 
gravities in 4 dimensions, we must compactify on a space possessing one covariantly constant 
spinor: such spaces are called Calabi-Yau manifolds. These manifolds have numerous interesting 
properties. The fact that they admit one covariantly constant spinor restricts their holonomy 
group to SU{3). They are complex, Kahler and Ricci-flat. This is consistent with Einstein's 
equation which relates the Ricci tensor to squares of field strengths of forms appearing in the 
spectra of type II supergravities 

Rmn ~ Fmpq...Fn^^-. (2.15) 

In the case of KK compactifications, the field strengths have no purely internal components, 
which means that to be a solution to the equations of motions, the internal space must be Ricci- 
flat. Among other properties, Calabi-Yau manifolds have one and only one covariantly constant 
harmonic (3,0)-form, and their Hodge diamond has the form 

1 W = l 

6^ = 

/i(i'i) 

1 /j(2,i) 1 63 ^ 2 + 2/i(2.i) (2.16) 

/i(i'i) 64^/i(i.i) 

= 

1 = 1. 



2.1.4 Moduli space 

We have seen in section Ti. 1 . 21 that the general ansatz for the compactification of forms requires 
expansion on harmonic forms on the Calabi-Yau manifold. This is in some sense also true for 
the metric. When the two indices are external, we obtain the 4-dimensional metric. There 
will be no components with one external and one internal index, because there are no 1-forms 
on the Calabi-Yau (|2.16|) . Now we are left with purely internal components. Solutions to 
supergravities are generally not isolated, but come in continuous families, parameterized by 
the moduli. The metric moduli are thus infinitesimal deformations of the internal metric that 
conserve the Calabi-Yau conditions. Let us start from a background with hermitian metric 
and define the metric on a Calabi-Yau manifold infinitesimally close to the first one by 
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dmn = dmn + ^9mn- The Constraint that the new manifold is Calabi-Yau can be expressed by 
imposing Ricci- flatness. This gives Lichnerowicz equation 

V'V,55^„ - [V' , V.m]6gin - [V , Vn]5gim = 0. (2.17) 

Considering the properties of the Riemann tensor of a Kahler space IA.51 we can see that, in 
complex indices, this equation splits into one on the mixed part of the metric, and one on the 
pure part. In the coordinates ()A.38|) . the Kahler class is directly related to the metric 

SO the mixed variations of the metric are Kahler class deformations. Suppose we apply to the 
metric a pure variation followed by a small change of coordinates /"^ in such a way that the 
first variation is annihilated. Then we have 

dp dp 

S9a/3 = Q^9af3 + Q^daa- (2.19) 

This means that / cannot be holomorphic and the manifold obtained after a pure variation 
6gaf3 has a different complex structure. This is why such deformations are complex structure 
deformations. 

Obviously, (|2.17l) is Laplace equation HA.25|) . except that 6gmn is not a form. Following this 
idea, we expand the mixed component of 5g on the (l,l)-forms on the Calabi-Yau 

^9af3 = (2-20) 

where are /i^^'^^ real scalars. uji is harmonic, so it satisfies Laplace equation, and (|2.2U|) solves 
the mixed part of Lichnerowicz equation. Since there are no (2,0)-forms, and anyway dgap is 
symmetric, it is not possible to expand it directly. We take instead 

5ga0 = ^-Z''{na)^-p^^'^^(^, (2.21) 

where Q. is the (3,0)-form and we have expanded on the (1, 2)-forms f/^, with /i^'^'^-* scalar complex 
coefficients z". It is shown in app endix IB . 31 that this is symmetric and solution to (|2.17() . The 
metric moduli space is thus generated by /i^^'^^ + 2h^'^'^^ real parameters. For further information 
about its structure, see appendix IB. 51 

We also need to compute the Ricci scalar in the 10-dimensional action. Since the moduli 
are infinitesimal parameters, we make a perturbation expansion, and we keep all terms up to 
order 2. The detailed calculation can be found in appendix lB.4l Here we only display the result, 
which, as might be expected from H2.4() . shows the emergence of kinetic terms for the scalars 

j d^^xy^R = f d^x^^ (iCRi + PiJ^^v'^^'v^ + Q^bS^z^^'^z^) (2.22) 

where /C is the volume of the Calabi-Yau manifold and the couplings are defined in HB.69|) and 
(iRTn]) . The scalars are organized in two non-linear sigma models, whose metrics are both Spe- 
cial Kahler with Kahler potentials HB.82|) and HB.93|) . The whole moduli space has the structure 
of a product of two Special Kahler manifolds, one corresponding to the Kahler class defor- 
mations A^i,i, of complex^ dimension h^^'^\ and one corresponding to the complex structure 
deformations Ai2.i of complex dimension /i^^'^) 



M = Mi,i X M2,i- 
^Once the B2 moduli are taken into account as in l|B.79|l . 



(2.23) 
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2.2 Compact ificat ion of type IIA supergravity 
2.2.1 Reduction of the Ricci scalar and the dilaton 

As we will see in the next sections, there is a part of the Lagrangian which is common to 
type IIA and type IIB supergravities. This comes from the fact that the spectrum of both 
theories is composed of two sets of fields, the R-R and the NS-NS fields. Type IIA and type 
IIB supergravities have the same NS-NS spectrum, but differ in the R-R sector. Thus their 
NS-NS Lagrangian is identical. It contains the graviton qmn , the dilaton <p, and the NS 2-form 
i?2- Later on in this thesis, we will be interested in turning on fiuxes for some forms, including 
B2, such that the part of the Lagrangian which contains only the graviton and the dilaton will 
always be compactified in the same way. This procedure is described below. The action we will 
study is 

e-"^^ (^-^R *1 + 2d4> A *d4>^ . (2.24) 

Remark that the kinetic term for the scalars has a wrong sign. This is because this action is 
written in the string frame. We will now perform a Weyl rescaling on (|2.24j) to go to Einstein's 
frame. Recall also that formula (|B.68|) is only true up to total derivatives, which means that it 
is not possible to use it directly as it stands in the string frame. 

1*^* step : going to Einstein's frame 

We perform the Weyl rescaling ()A.8|) with 0, = eT'^/^. We obtain 

/■ 1 . 1 . 

S = --R*l- -d4>A*d4>. (2.25) 

Here we have to be careful about the fact that under this rescaling, the determinant of the 
metric and the inverse metrics used to contract indices are not written explicitly, but should be 
transformed. Remark that now the kinetic term for the dilaton has a correct sign. 

2"^^ step : compact ifying 

We use formula ()B.68|) . This leads to 

S = I -]-ICR*l-IC^d4>A*d4>-l-Pijdv' A*dv^ 

J / 4 z 

-^Qabdz" A*dz\ (2.26) 
where the integral is now only on the 4-dimensional space-time. 

3^'^ step : Weyl rescaling for the volume /C 

In order to have the usual normalization for the Ricci scalar, we perform the Weyl rescaling 
lIsI) with 17 = /C2. We obtain 

S = I --R*l--dlnlCA*dlnlC--d(i>A*d(f)-^Piidv' A*dv^ 
2 4 4 2/C ^ 

-1-Q^^dz'' /\^dz\ (2.27) 
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4*^ step : rotation of the 

We realize now a rotation of the v^. The purpose is to ehminate the term dln/C A *(iln/C which 
is not a new scalar, but depends on the v^. We define 

= e-^^v\ (2.28) 

Considering that the basis forms are independent of v^, we find the following transformation 
rules for the integrals defined in appendix IB. 2 1 

Pij = e-^^Pij ; ICi = e-^ICi (2.29) 

}C = e-l^}C ; g„^=e-%^, 

the last equation holding because the volume is an integral on ^/qq which is of order 3 in the 
metric with lower indices. Performing a careful counting of the number of lower metrics in Qab, 
we find 

Qab = e-l'^Qab. (2.30) 
The transformation of the kinetic terms for the u * is 

^Pijdv'dv^ = Qijdv'dv^ - ]^d\niCd\niC + ^d\niCd4> - ^Sc^^c^ (2.31) 
where the metric gij is given in (|B.22() and we have used 

iCidv' = 2diC. (2.32) 

Finally we obtain the action 

S = j -^R*l - d(l) A*d(j) - gijdv"- A*dv^ 

-Qabdz" A (2.33) 
Here we defined the 4-dimensional dilaton by 

= 0_lln£, (2.34) 
we dropped the tildes, and the metric for the scalars z'^ is 

9ab = ^Qcib- (2.35) 
The metrics gij and gab exhibit properties detailed in appendix IB. 51 

2.2.2 Matter part of type II A supergravity 

In this section we recall the known results of type IIA supergravity compactified on a Calabi-Yau 
threefold Y . The NS-NS spectrum consists of the graviton, the dilaton, a 2-form i?2, and the 
R-R spectrum contains a 1-form Ai and a 3-form C^. We start from the following action in 10 
dimensions 
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e-'^^ (^-^R*l + 2# A *# - ^Hs A *H3 
1 /■ /a ^ ^ ^ \ 1 



2 



F2 A *F2 + A *F4) + ^ j HsACsAdCs, (2.36) 



where 



= , = dAi , F4 = dCs -AiA Hs, (2.37) 

and we will follow the above procedure step by step. From now on we will not display the part 
with the graviton and the dilaton whose behaviour has been studied in the previous section. 

1*^* step : going to the Einstein's frame 

We perform the Weyl rescaling (|A.8|) with $7 = e"*^/^. We obtain 

S = -^j e-^H3A*H3-^j ei'^F2A*F2-^ j e^^FiA*Fi 

+1 [ H3AC3A dC3 , (2.38) 



2 _ 

where the Chern-Simons term remains unchanged because it does not contain any metric. 
2°^^ step : expanding 

In the KK reduction we expand the ten-dimensional fields in terms of harmonic forms on Y 

Ar = A\ 

C3 = C3 + A'Au;^ + C^aA + UP^ , (2.39) 
B2 = B2 + b'iOi , 

where C3 is a 3-form, B2 a 2-form, {A^,A'') are 1-forms and b'',^'^,^A are scalar fields in D = 4. 
The LVi are a basis for the harmonic (1, l)-forms and (a^ , P^) a basis for the harmonic 3-forms, 
see appendix IB. 21 All these 4-dimensional fields are organized in supergravity multiplets. The 
gravity multiplet contains the metric g^i, and the graviphoton A^. The h^^'^^ vectors A*, together 
with the 2h^^'^^ scalars v^, U belong to h^^'^^ vector multiplets. The rest of the fields only consists 
of scalars. Therefore all these scalars belong to hypermultiplets. Indeed, C3 is non dynamical 
in 4 dimensions, and B2 is dual to a scalar a. Collecting the remaining 4/1^^'^^ + 4 scalars (/>, z*^, 
a, and we obtain h^'^'^^ + 1 hypermultiplets. Since the harmonic forms are closed, the 
differential operator d acts only on the space-time forms 



dAi = dA^ (2.40) 

dC3 = dC3 + dA' Aui + d^^ AaA + dUA(3^ (2.41) 

= Hs + db'AuJi. (2.42) 

The terms of (|2.38|) are thus expanded according to 
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l-e^^ / F2 A *F2 
2 Jy 



1C - 

-e"'^ H3 A *H3 - ICe-^gadb' A *dV 
4 



A *dA^ , 



(2.43) 

(2.44) 



2 Jy 



e2't> {dCs - ^° A ifs) A *(dC3 - yl° A 



-2/Ce^'^c/ij(dyl* - yl°d6*) A *{dA^ - A^dV] 



dU + MAcdf A* diB + MBDdi 



H3AC3A dC3 



Y 



^H-s A iC^diA - Udi^) + \dU A A^ A dA^lCijk . 



(2.45) 



where the integration on the internal manifold has been carried out and the matrix M is defined 
in appendix IB. 51 



3'^'^ step : Weyl rescaling for the volume K 



In order to recover a standard kinetic term for gravity, we need to perform a Weyl rescaling 
with Weyl factor /C2 



^e-^^F3A*i?3 



■e-'P H3 A *H' 



3 - e ^gij 



udb' A *dV 



(2.46) 



2 Jy 



-^eiUA"^ A*dA^ 
2 



(2.47) 



2 Jy 



(dCs - ^° A H3) A *((iC3 - ^° A H3) 



-2ICe^^gij{dA' - A^dV) A *[dA^ - A^dV) 



- J^H3AC3AdC3 



-^H3 A (e^dlA - Ia^C^) + A A^' A dA'^ICi.k . 



(2.48) 



4*^ step : rotation of the 

Counting the powers of the metric in the definition of Ai as an integral, we can deduce that 
A4 is invariant under this rotation. Once everything is written in terms of the 4-dimensional 
dilaton, we obtain 
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F2 A *F2 



--e"^"^ H3 A *H3 - g.idb' A *dV 
4 



A *dA'^ , 



(2.49) 
(2.50) 



.-e2<i 
2 



F4 A *F4 



Y 



IC 



e-^'f' {dCs -A^ A H3) A *{dC3 - A^ A H3 



-2ICgij{dA' - A^dU) A *{dA^ - A^dV) 



IN AB 



dU + MAcdi 



c 



A * 



d^B + MBDdC 



D 



^ J^H^ACsAdCs 



H3 A {^dU - Udt) + -dU A A^ A dA'^ldjk • 



(2.51) 



With these expressions we can now combine the different terms appearing in the action (|2.36l) 
The duahzation of the 3-form C3 in 4 dimensions produces a contribution to the cosmological 
constant. As shown in [21] this constant can be viewed as a specific RR-flux. Since we are not 
interested in RR-fluxes here we choose it to be zero and hence discard the contribution of C3 in 
4 dimensions. Thus the only thing we still need to do in order to recover the standard spectrum 
of A'^ = 2 supergravity in 4 dimensions is to dualize the 2-form B2 to the axion a. The action 
for B2 is 



Chs = -\e-^*H3 A *H3 + iif3 A (^UdC"" - ^''du) ■ 



(2.52) 



Counting the degrees of freedom of B2, we know that it should be dual to a scalar a, called the 
axion. We add to (|2.52|) the term 



+^H3 A da 



(2.53) 



which realizes the Bianchi identity of B2 as an equation of motion for a. H3 can consequently 
be considered as a fundamental field, and eliminated through its equation of motion 
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*H3 + ^{da + Ud^^ - i^diA 



0. 



The Lagrangian for a becomes 



Ca = -^e+"'^ {da + Udi^ - i^du) A * (da + Udi"" - i^du) ■ 



(2.54) 



(2.55) 



The usual N = 2 supergravity couplings can be read off after redefining the gauge fields A^ 
A^ — b^A^ and introducing the collective notation A^ = {A'^, A'') where / = (0, i) = 0, . . . , h^^'^\ 
Collecting all terms from H2.49() - H2.51() and taking into account the gravity sector 12.331 we 
obtain 



Sua 



I 



- -R*l- gijdf A *dt^ - Kvdq'' A ^dq" 
+ ^ ImAA/jF^ A + ^ ReAA/jF^ A F'^ 



(2.56) 



where the gauge coupling matrix M is defined in appendix IB. 51 the scalars U coming from the 
NS 2-form and v'^ from the Kahler class deformations are complexified into f" = U + iv"^ , and h^v 
is the (T-model metric for the scalars in the hypermultiplets [22] 
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huvdq"^ A ^dq" 



A *# + gabdz"- A *dJ' 



(2.57) 



+- 



da+{Ude-i^dU 



A 



da + {Udi^ - edU) 



AB 



dU + MAcdC 



c 



A 



D 



2.3 Compactification of type IIB supergravity 

In this section we recall the KK compactification of type IIB supergravity on a Calabi-Yau 3- 
fold Y. The 10 dimensional bosonic spectrum of type IIB supergravity consists of the metric g, 
the antisymmetric tensor field B2 and the dilaton (p in the NS-NS sector, an axion I, a 2-form 
C2 and a 4-form ^4 with self-dual field strength *Fc^ = F^ in the R-R sector. No local covariant 
action can be written for this theory in 10 dimensions due to the self-duality of F5. Instead we 
use the action [3] 



-,(10) 
^IIB 
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-^^ *1 -I- 2d(t) A *d(t) - ^dB2 A *dB2 



di A *dl + is A + ^-^5 A *F5 



J A4AdB2AdC2, 



(2.58) 



where 



Fs = dC2-lH3 (2.59) 
F5 = dA^ - dB2 A C2 , (2.60) 

and impose the self-duality of F5 separately, at the level of the equations of motion. The 
compactification proceeds as usual, by following the steps of the above sections. However, we 
will skip the steps that arc not essential to our purpose. 

We expand the 10-dimcnsional quantities in terms of harmonic forms on the Calabi-Yau 
manifold as 



B2 = B2 + h' Aui, z = 1, . . . , ^(1'^) , (2.61) 
C2 = C2 + d Aoji , 

A4 = D'^AoJi + piAu' + V^AaA-UAAP^, A = 1, . . . ,h^'^'^\ 

where B2,C2, D2 are two-forms, V^,Ua are one-forms and b^,c'',pi are scalar fields in Z) = 4. 
Only half of the fields in the expansion of A^ are independent due to the self-duality of F5. We 
choose to keep pi and as independent fields. The 4-dimensional spectrum arranges as follows. 
The gravity multiplet contains the metric g^,^ and the graviphoton The h^'^'^^ vectors F", 
together with the 2h^'^'^^ scalars z"" belong to hP'^^ vector multiplcts. Again, the rest of the fields 
only consists of scalars which go to hypermultiplets. Indeed, C2 and B2 are dual to two scalars 
hi,h2- Collecting the remaining 4h^^'^^ + 4 scalars ^, 6% f*, c*, /ii, /i2, ^, we obtain h^^'^^ + 1 
hypermultiplets. For the field strengths, this gives 



^3 
dC2 
dA4^ 



= H3 + dU A LOi 

= dC2 + dd A Ui 

= dD{ Auji + dpi Au'' + F^ AaA 



-GAhP^. 



(2.62) 
(2.63) 
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where = dV^ and Ga = cIUa- For F5, this leads to 



F5 = AUA- Ga(5^ + {dD{ - dU A C2 - c^i/s) A uJi 

+dpi Aid' - d-dV A UJi A ujj. (2.64) 
The straightforward expansion reads 

-- f H^A*H^ = -^H^A*H:i-Kgijdb'A*dV (2.65) 
A Jy 4 



"2X 



dlA*dl = -^dlA *dl , (2.66) 



-^J^hA*Fs = -'^{dC2-lH3)A*{dC2-lH3) 

-2ICgij {dd - IdU) A *{dc^ - IdV) (2.67) 

-\J ^5/\*F5 = +^ImM-^ (g - MF^ A*(^G - MF^ 

-lCg,jdD\ A *dDi - j^g'^dpi A *dpj (2.68) 

4 / A4AH3AdC2 = -^ICijkDlAdVAdc''-lpi{dB2Adc' + db'AdC2) (2.69) 
2 Jy 2 2 



with 



dD'2 = dD\-dV AC2-c'dB2 (2.70) 
dp, = dpi-KMC^dbK (2.71) 

The self-duaHty of -F5 impHes that only half of the fields appearing in the expansion of A^ in 
(|2.61() are independent. Thus the expansion above cannot be used directly. On the other hand, 
we cannot impose the self-duality 

F5 = *F5 (2.72) 

in the action because the kinetic term F^ A *F^ would vanish. In this thesis we want to show 
two different but equivalent strategies to discard half of the fields in A4. The first one starts by 
writing a general Lagrangian involving the remaining terms, and then identifying the reduced 
10-dimensional equations of motion with the 4-dimensional ones calculated from the general 
Lagrangian. To make this more precise, we decide to discard first D\, using the self-duality 

d&2 = ^9'' *dp,. (2.73) 
From looking at all possible terms, we can infer the following Lagrangian 

Cinf = hg'^idpi - Kikic^dl}) A *{dpj - KjpqcPdW) 

+hdpi A {c'dB2 + db' A C2) + k^lCijkc'c'dB2 A db^. (2.74) 
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From the action H2.58|) . we derive the 10-dimensional equation of motion for C2, in the hmit 
where / = 0, (p is constant and the metric is flat, 

d * dC2 = F5 A dB2 (2.75) 

where we have used (|2.72|) . This equation has two components (4,4) and (2,6), where (e,i) 
means order e in space-time indices and order i in internal indices. The component (4, 4) reads 
(after integration over the internal manifold) 



d*dc' = —J^g'igP'^ICipjdV A*dpk + ^g'^dp, AdB2. (2.76) 

The kinetic term for c* can be read off in ()2.67|) . and the identification with the equation 
calculated from >Cj„/ gives the values 

fei = -^ ; h = -i ; h = -l. (2.77) 
After integration over the internal manifold, the component (2, 6) reads 



)Cd*dC2 = dpiAdU. (2.78) 

The identification with the equation calculated from gives again = — 1. To deal with the 
vectors, we choose to display an other strategy. We take the Lagrangian from the expansions 
((T7)H|) and 

CpA = +^ImM-^ (G - MF) A * (G - MF) . (2.79) 
For the same reason as above, it is not possible to impose the self-duality of -F5 

* G = ReM *F- ImMF (2.80) 
G = ReMF + ImM*F (2.81) 

directly. First we add the total derivative 

+ ^F^AGa, (2.82) 

and we remark that the equation of motion of Ga is exactly 1)2. 8U() . so the self-duality will be 
taken into account in a non-trivial way once Ga is eliminated with its equation of motion. We 
find 



CpA = +^ImMABF^ A*F^ + ^ReMABF'^ AF^. (2.83) 
Finally, after the Weyl rescaling of the volume and the rotation of f * , the whole action is 
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S]i% = J ~R*1- Qabdz" A *dz^ - gijdf A *dP - dcp A *d(p 

~e-^'t'dB2 A *dB2 - ^e'^'^IC (dCs - ^^2) A * (dCs - ldB2) 
—Ke^'^dl A *dl - 2/Ce2^5ij (dc* - Idb') A * {d(^ - IdlP) 

+ A C2 + c'dB2) A (^dpi - JCijkc'db''^ + ^ICijkc'c^dB2 A 

+^i?e7WABi^^ A + ^/mTWAsi^^ A . (2.84) 

Now we want to dualize the 2-forms C2 and B2 with scalar duals hi and ^2- We add first 

+dC2 A d/ii (2.85) 

and the Lagrangian of interest for C2 is 

jCc2 = ~e-^'^}C{dC2-ldB2) A*{dC2-ldB2) 

-b'dC2 A dpi + dC2 A dhi . (2.86) 
We eliminate dC2 with its equation of motion and we find 

= -^e^'^{dhi-b'dpi) A*{dhi-b>dpj) 

+ldB2 A {dhi - Udpi) . (2.87) 

Repeating the same procedure with B2, we obtain the action for type IIB supergravity on a 
Calabi-Yau manifold 

sf^Q = J -^R*l- gabdz"- A *dz'' - gijdf A *dP -d4>A *d4> 

-gj^g-''' [dpi - ICiklC^db') A * {dpj - ICjmnC'^db'') 

-21Ce^^gij [dd - IdU) A * {dc> - ldb>) - hce^'^dl A *dl 

-^e^^ {dhi - b'dp,) A * [dhi - Vdpj) 
-e^^Dh A *Dh 

+^ReMABF^ AF^ + ^IuiMabF^ A *F^ (2.88) 



with 



Dh = dh2 + Idhi + (c^ - lb')dpi - ^ICijkc'c'db''. (2.89) 
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2.4 Mirror symmetry 

Comparing the field content for the reduced type IIA and type IIB, comes the striking fact that 
the spectra are almost identical. The only difference lies in the number of vector and hypermul- 
tiplets. For type IIA, we found h^^'^^ vector multiplets and /i^^'^^ + 1 hypermultiplets. For type 
IIB, it is exactly the other way around : h^"^'^^ vector multiplets and h^^'^') + 1 hypermultiplets. 
This strongly suggests that, defining the "mirror" manifold y of y by 



Y 



/,(2,1) 



/j(2,l) 



(2.90) 



type IIA compactified on Y would be identical to type IIB on Y. Moreover, when we compare 
(|2.88jl and (|2.56j) . we can see that in the sector of the vectors the identification of the two 
matrices M and M is required. In order to prove that type IIA and type IIB are mirror image 
of each other, we need to show that this identification still holds for the hypermultiplets. Thus 
we expect to find, up to some field redefinitions, the metric for the hypermultiplets in type IIB 



huvd-q"" A ^dq" = gijdf A *dt^ + d</> A *c 

g4- 



+ - 



da+{^ide -edci) A da + (o^e^ - e^do) 



dh +MiKdi 



K 



A 



dlj + MjLdi' 



(2.91) 



Guided by the powers of the dilaton and the explicit expressions for the matrix N ()B.85|) and 
(|B.86|) . we decompose the last line into 



(imAA- 



dii + ReMiKdS, 



K 



A 



dh + ReMjLdi^ 



+ ImMijdi^ A 



and we expand 



ImMljdi^ A *di- 
This suggests to map 



(2.92) 
(2.93) 



-AKgij {dC - b'df) A * {d^^ - b^df) - ICdf A *df (2.94) 



(2.95) 
(2.96) 



In ()2.92|) . the part of the component of (imAA ^) which only contains the inverse metric g 
reads 



1 , 

This leads to the identification 



dii + ReJ\fiKdC 



K 



A 



dij+ReMjidi^ 



(2.97) 



dpi - K,ikic^dh^ < — > dii + ReAfixd^^ 
which yields, with ((T^ and flM^ . 

Pi + ]^lCikihHH - ICikicH^ < — > ii. 



(2.98) 



(2.99) 
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The rest of (|2.92j) can be written 



/C 



d^o + ReMoKdr + b\dC^ + ReMiRdC"^ ) A d^o + ReMoLd^ + V {d^j + ReMjLd^ 



where is identified as 

-hi + llCikib'b'^c' - lldkib'hHH ^ io. 
2 b 

The last of these redefinitions corresponds to the term 



da+{^idC^ -C^dCi) A da + i^jd^' - d^j) 



and gives us a 



(2.100) 



(2.101) 



2h2 + Ihi + pi{c' - lb') < — >a. (2.102) 
Expressing the action ()2.88() in this new set of fields, we finally find the mirror of ()2.56|) 



Sua 



- -R*l - gabdz" A *dz^ - Kvdq'' A ^dq'' 
+ ^ Im MabF^ a + ^ MabF^ a 



(2.103) 



with huv given in 1)2. 91() . The matrices and J\f have the explicit expressions HB.84|) and 
(jfj.lllj) which we recall here 



Nij 

Mab 



^AB + 



2i 



2i 



lmJ^ACZ^'^''^^BDZ^- 



(2.104) 



in terms of prepotentials J- depending holomorphically on the coordinates z"^ = (1,2:'^) and 
= The Kahler potentials can also be written using the prepotentials according to 



-Ka 



-Kp_ 



i {X^Ti - X^Ti) 
i [z^Ta - z^Ta) 



and are obviously mapped. To sum up, mirror symmetry states that type IIA on some Calabi- 
Yau manifold Y is the same as type IIB on the mirror manifold Y 



IIA/Y i — > IIB/Y 



(2.105) 



with Y obtained from Y by exchanging the even and odd cohomology classes following (|2.9()j) . 
This equivalence can be checked at the level of the supergravity by performing KK expansions 
of the type IIA and type IIB actions in 10 dimensions. The resulting actions are equivalent once 
the gauge coupling matrices M and are mapped. 
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Chapter 3 



Generalized Calabi-Yau 
compactifications 

Let us review the main results of last chapter. In ten space-time dimensions there exist two in- 
equivalent N = 2 supergravities denoted type IIA and type IIB. Both theories have the maximal 
amount of 32 local supersymmetries but they differ in their field content [1-3] . Phenomenolog- 
ically interesting backgrounds correspond to compactifications on X Y where R-^'^ is the 
four-dimensional Minkowski space while y is a compact six-dimensional Euclidean manifold. 
The amount of supersymmetry which is left unbroken by the background depends on the holon- 
omy group. The maximal holonomy group for a metric-compatible connection is S0{6). It 
breaks all 32 supercharges whereas only some of the supercharges are broken by any of its sub- 
groups. Calabi-Yau threefolds are a particularly interesting class of compactification manifolds 
as their holonomy group is SU{3) and as a consequence they preserve only eight supercharges 



In a KK compactification on a Calabi-Yau threefold, the light modes of the effective theory 
are the coefficients of an expansion on solutions to Laplace equation with zero mass on Y. 
Such harmonic forms are the non-trivial elements of the cohomology groups hM{Y). The 
interactions of the light modes are captured by a low-energy effective Lagrangian £efi which can 
be computed via a KK 

reduction of the ten-dimensional Lagrangian. The resulting theory is a four-dimensional 
N = 2 supergravity coupled to vector- and hypermultiplets [15-17,23-27]. Mirror symmetry 
relates the effective theories of type IIA and type IIB in 4 dimensions. Type IIA compactified on 
Y is equivalent to type IIB compactified on the mirror manifold Y [28] defined by the exchange 
of the even and odd cohomology groups according to ^(^'^^(y) ^ and vice- versa. 

From the phenomenology point of view, one drawback of Calabi-Yau compactifications is 
the absence of a scalar potential lifting the vacuum degeneracy. One possible way to obtain a 
scalar potential is to include background fluxes. Type II supergravities contain several kinds of 
{p — l)-forms Cp-i with p-form field strengths Fp = dCp-i. When the exterior derivative d is 
applied to such a form, expanded according to (|2.1flj) . it only acts on the space-time coefficients, 
due to harmonicity of the internal forms. Hence it is impossible to have a term with a space-time 
0-form coefficient in the expansion of a field strength. However, remembering that a harmonic 
form is locally exact, one can consider a term of the form 



Fp = e^ojl , (3.1) 

where = dx^ is only true locally. Since we want Fp to be the exterior derivative of some form, 
Ci must be a constant, called a background flux. The name "background" comes from the fact 
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that such a term gives a background value to the field strength 

/ Fp = ei. (3.2) 

Ip 

where 7* is a p-cycle in Y Poincare-dual to ujp. For consistency it should be required that 
never appear explicitly in the action. This is easily achieved if the form Cp-i only participate 
to the action through its field strength Fp. We will always consider this case in the following. 

Recently generalized Calabi-Yau compactifications of type II string theories have been con- 
sidered where background fluxes for the field strengths Fp are turned on [6,7,29-36]. 

Due to a Dirac condition, the fluxes are quantized in string theory. They are thus integers 
and their number is given by the Betti number h^. However, in the supergravity approximation 
the fluxes can be considered as continuous parameters which represent a small perturbation of the 
original Calabi-Yau compactification. The light modes are no longer massless but acquire masses 
depending continuously on the fluxes. Nevertheless their induced masses are much smaller 
than the ones of the heavy KK states of order the compactification scale. The field content 
is consequently unchanged, and the interactions of the light modes continue to be captured 
by an effective Lagrangian £efr which describes the dynamics of the fluctuations around the 
background values of the theory in the absence of fluxes. The fluxes appear as gauge or mass 
parameters and deform the original supergravity into a gauged or massive supergravity. They 
introduce a non-trivial potential for some of the massless flelds and spontaneously break (part 
of) the supersymmetry. 

CeS has been computed in various situations. In refs. [7,30,31,35] type IIB compactified 
on Calabi-Yau threefolds Y in the presence of RR-three-form flux F3 and NS-three-form flux 
i?3 was derived. In refs. [7, 29, 34] type IIA compactified on the mirror manifold Y with RR- 
fluxes Fq, F2, -F4 and Fq present was considered. The resulting low-energy effective action was 
equivalent to the type IIB action on the mirror manifold Y with F3 non-zero, but H3 =0 [7]. 
As expected given the matching of odd and even cohomologies on mirror pairs, the type IIB 
RR-fluxes -F3 in the third cohomology group H^(Y) are mapped to the type IIA RR-fiuxes in 
the even cohomology groups H'^{Y), H^{Y), H^{Y) and H%Y) [37,38]. 

However, for non-vanishing NS-fluxes the situation is less clear as no obvious mirror sym- 
metric compactification is known. In both type IIA and type IIB on Y an NS three-form 
exists which can give a non-trivial NS-flux in H^{Y). However, in neither case is there an NS 
form fleld which can give fluxes in the mirror symmetric even cohomologies H^{Y), H'^(Y), 
H'^{Y) and H^{Y). Vafa [8] suggested that the mirror symmetric configuration is related to 
compactifying on a manifold Y which is not complex but only admits a non integrable almost 
complex structure. The purpose of this chapter is to make this proposal more precise. As a first 
step we demand that the D = 4 effective action continues to have N = 2 supersymmetry, that 
is, eight local supersymmetries. According to (|2.12|) . this implies that there is a single globally 
defined spinor on y so that each of the D = 10 supersymmetry parameters gives a single local 
four-dimensional supersymmetry. As a result, the structure group has to reduce from SO (6) 
to SU (3) or one of its subgroups. If we further demand that the two D = 4 supersymmetries 
are unbroken in a Minkowskian ground state rj has to be covariantly constant with respect to 
the Levi-Civita connection V, see ()2.13() . or equivalently the holonomy group has to be SU{3). 
This second requirement uniquely singles out Calabi-Yau threefolds as the correct compactifi- 
cation manifolds, see section 11^.1.31 However, in this chapter we relax this second condition and 
only insist that a globally defined SU (3)-invariant spinor exists. Manifolds with this property 
have been discussed in the mathematics and physics literature and are known as manifolds with 
SU{3) structure (see, for example, refs. [39-55]). They admit an almost complex structure J, a 
metric g which is hermitian with respect to J and a unique (3, 0)-form 0. Generically, since rj 
is no longer covariantly constant, the Levi-Civita connection now fails to have S'?7(3)-holonomy. 

^This is analogous to Gauss's theorem in electromagnetism j E ■ dS — Q where Q is the charge. Since the 
fluxes indeed parameterize some gaugings, they are usually called electric and magnetic fluxes. 
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However one can always write Vr] in terms of a three- index tensor, T", contracted with gamma 
matrices, acting on r]. In the same way V J and can be also written in terms of contractions 
of T^ with J and O respectively. This tensor T^, known as the intrinsic torsion, is thus a measure 
of the obstruction to having SU (3) holonomy. 

Different classes of manifolds with SU{3) structure exist and they are classified by the differ- 
ent elements in the decomposition of the intrinsic torsion into irreducible SU (3) representations. 
We will mostly consider the slightly non-generic situation where only "electric" flux is present. 
In this case, we find that mirror symmetry restricts us to a particular class of manifolds with 
SU{3) structure called half-flat manifolds [44].^ They are neither complex, nor Kahler, nor 
Ricci-flat but they are characterized by the conditions 

dn~ = = d{J AJ) , (3.3) 

where 0~ is the imaginary part of the (3, 0)-form. On the other hand the real part of is 
not closed and plays precisely the role of an NS four-form dQ^ ~ -^4^*^ corresponding to fluxes 
along H'^{Y) [8]. Thus the ' missing' NS-fluxes are purely geometrical and arise directly from 
the change in the compactiflcation geometry. 

This chapter is organized as follows. In section IXTl we recall in more details mirror symmetry 
in Calabi-Yau compactifications with RR-flux. In section ITl 2. II we discuss properties of manifolds 
with SU{3) structure and the way they realize supersymmetry in the effective action. These 
manifolds are classified in terms of irreducible representations of the structure group SU{3) and 
in section 15. 2. 21 we argue that the class of half-fiat manifolds are likely to be the mirror geometry 
of Calabi-Yau manifolds with electric NS-fluxes. 

In section 13.31 we perform the KK-reduction of type IIA compactified on Y, derive the 
low energy effective action and show that it is mirror symmetric to type IIB compactified on 
threefolds Y with non-trivial electric NS-flux H^. The effect of the altered geometry is as 
expected. It turns an ordinary supergravity into a gauged supergravity in that scalar flelds 
become charged and a potential is induced. This potential receives contributions from different 
terms in the ten-dimensional effective action, one of which arises from the non-vanishing Ricci- 
scalar. This contribution is crucial to obtain the exact mirror symmetric form of the potential. 
Of course, if Y is to be the mirror image of a Calabi-Yau manifold when NS fluxes are present, 
this relation should not depend on which theory one considers. Thus type IIB compactifled on 
Y should also be equivalent to type IIA compactifled on a Calabi-Yau manifold with NS fluxes. 
This is showed in section IXH Section [3. 51 contains our conclusions. Calabi-Yau compactiflcations 
of type II theories with NS form-fluxes are reviewed in appendixO Some technical details about 
G-structure are gathered in appendix 

^ while in appendix El we compute the Ricci-scalar for half-flat manifolds. 

3.1 Mirror symmetry in CY compactifications with fluxes 

Let us begin by reviewing mirror symmetry for Calabi-Yau compactiflcations with non-trivial 
RR fluxes. Consider flrst type IIB. The only allowed RR flux on the internal Calabi-Yau 
manifold Y is the three-form F3 = dC2- The flux F3 then deflnes 2(/i(^'^) + 1) flux parameters 
{eA,'rh'^) according to 

= dC2 + m^aA - caP^ ■ (3.4) 

The effective action of this compactiflcation is worked out in refs. [7,30,31,35]. A KK reduction 
is performed on the original Calabi-Yau geometry with the non-vanishing fluxes taken into 
account. This leads to a potential which induces small masses for some of the scalar flelds and 
spontaneously breaks supersymmetry. 

^Manifolds with torsion have also been considered in refs. [42,45-54,56]. However, in these papers the torsion 
is usually chosen to be completely antisymmetric in its indices or in other words it is a three-form. This turns 
out to be a different condition on the torsion and these manifolds are not half-flat. 
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It was shown in [7] that this IIB effective action is manifestly mirror symmetric to the one 
arising from the compactification of massive type IIA supergravity [57] on Y with RR-fluxes 
turned on in the even cohomology of Y. More precisely, in IIA compactifications the RR two- 
form field strength F2 can have non-trivial flux in H'^(Y) while the four-form field strength 
has fluxes in H^{Y). Then there are 2/i^^'^^ IIA RR-flux parameters given by 

F2 = dAi + m'uJi , Fi = dCs - Ai A + ejtD* . (3.5) 

In addition there are the two extra parameters mP and bq , where eg is the dual of the space-time 
part of the four- form F^^upa and mP is the mass parameter of the original ten-dimensional mas- 
sive type IIA theory [7]. Altogether there are 2{h^^'^^ +1) real RR-flux parameters (e/, m"^), I,J = 
0,1,..., h^^'^^ which precisely map to the 2(/i^^'^) -|- 1) type IIB RR-flux parameters under mirror 
symmetry. This is confirmed by an explicit KK-reduction of the respective effective actions and 
one finds [7]^ 

C^''^\Y,ei,m-') = £(^^^)(y,e~A,m^) . (3.6) 

We expect that mirror symmetry continues to hold when one considers fluxes in the NS- 
sector. However, in this case, the situation is more complicated. In both type IIA and type IIB 
there is a NS two-form B2 with a three- form field strength H^, so one can consider fluxes in 
H^(Y) in IIA and H^{Y) in IIB. However, these are clearly not mirror symmetric since mirror 
symmetry exchanges the even and odd cohomologies. One appears to be missing 2(/i(i'i) + 1) 
NS-fluxes, lying along the even cohomology of Y and Y, respectively. Since the NS fields 
include only the metric, dilaton and two- form B2, there is no candidate NS even-degree form- 
field strength to provide the missing fluxes. Instead, they must be generated by the metric and 
the dilaton. Thus we are led to consider compactifications on a generalized class of manifolds Y 
with a metric which is no longer Calabi-Yau, and perhaps a non-trivial dilaton in order to find 
a mirror-symmetric effective action. This necessity was anticipated by Vafa in ref. [8]. 

We now turn to what characterizes this generalized class of compactifications on Y. We 
choose to first present the IIA compactification on a half-flat manifold Y compared to the IIB 
compactification on a Calabi-Yau manifold Y with NS flux H3. Since the NS sectors are identical 
this should be, of course, equivalent to the problem with the roles of IIA and IIB reversed. This 
one will be addressed in section IrTH 

3.2 Half-flat spaces as mirror manifolds 

3.2.1 Supersymmetry and manifolds with S'f/(3)-structure 

The low-energy effective action arising from IIB compactifications with non-trivial H^-Rux de- 
scribes a massive deformation of an = 2 supergravity [7,30,31,35]. Compactification on the 
conjectured generalized mirror IIA manifold Y should lead to the same effective action. Thus 
the first constraint on Y is that the resulting low-energy theory preserves N = 2 supersymmetry. 

Let us first briefiy review how supersymmetry is realized in the conventional Calabi-Yau 
compactification. Ten-dimensional type IIA supergravity has two supersymmetry parameters 

of opposite chirality each transforming in a real 16-dimensional spinor representation of 
the Lorentz group Spin{\^'3i). In particular, the variation of the two gravitini in type IIA is 
schematically given by [58] 

'^V'm = [Vm + (r • H^)m] + [(r • F2)m + (r • ^4)^] + • • • , (3.7) 

where the dots indicate further fermionic terms. Next one dimensionally reduces on a six- 
dimensional manifold Y and requires that the theory has a supersymmetric vacuum of the form 

^For = one finds a standard N = 2 gauged supergravity with a potential for the moduh scalars of the 
vector multiplets. For 7^ a non-standard supergravity occurs where the two-form B2 becomes massive. For 
a more detailed discussion and a derivation of the effective action we refer the reader to ref. [7]. 
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j^i,3 ^ y with all other fields trivial. Following the discussion in section Ti. 1.31 this implies that 
there are particular spinors for which the gravitino variations (|3.7|1 vanish. On M^''^ x Y the 
Lorentz group Spm{l, 9) decomposes into Spin{l, 3) x Spin{6) and we can write = 6^ 7]. In 
the supersymmetric vacuum, the vanishing of the gravitino variations imply the 9^ are constant 
and r/ is a solution of 



If this equation has a single solution, each e gives a Killing spinor and we see that the back- 
ground preserves N = 2 supersymmetry in four dimensions as required. Equivalently, if we 
compactify on Y, the low-energy effective action will have N = 2 supersymmetry and admits a 
flat supersymmetric ground state R-*^'^. 

The condition (|3.8j) really splits into two parts: first the existence of a non-vanishing globally 
defined spinor rj on Y and second that tj is covariantly constant. The first condition implies 
the existence of two four-dimensional supersymmetry parameters and hence that the effective 
action has N = 2 supersymmetry. The second condition that r/ is covariantly constant implies 
that the effective action has a flat supersymmetric ground state. 

The existence of r] is equivalent to the statement that the structure group is reduced. To 
see what this means, recall that the structure group refers to the group of transformations of 
orthonormal frames over the manifold. Thus on a space-time of the form M^'^ x Y the structure 
group reduces from 50(1,9) to 50(1,3) x 50(6) and the spinor representation decomposes 
accordingly as 16 (2, 4) -|- (2, 4). Suppose now that the structure group of Y reduces further 
to SU{3) C 50(6) = 5f7(4). The 4 then decomposes as 3 + 1 under the SU{3) subgroup. An 
invariant spinor rj in the singlet representation of SU{3) thus depends trivially on the tangent 
space of Y and so is globally defined and non- vanishing. Conversely, the existence of such a 
globally defined spinor implies that the structure group of Y is SU{3) (or a subgroup thereof). 
Mathematically, one says that Y has 5f/(3)-structure. In appendix Owe review some of the 
properties of such manifolds from a more mathematical point of view and for a more detailed 
discussion we refer the reader to the mathematics literature [39-44]. Here we will concentrate 
on the physical implications. 

The second condition that r/ is covariantly constant has well known consequences (as reviewed 
for instance in [59]). It is equivalent to the statements that the Levi-Civita connection has SU (3) 
holonomy or similarly that Y is Calabi-Yau. It implies that an integrable complex structure 
exists and that the corresponding fundamental two-form J is closed. In addition, there is a 
unique closed holomorphic three- form 0. Together these structure and integrability conditions 
imply that Calabi-Yau manifolds are complex, Ricci-flat and Kahler. 

Symmetry with the low-energy IIB theory with H^-Hux implies that compactification on 
generalized mirror manifold Y still leads to an effective action that is = 2 supersymmetric. 
However, the IIB theory with flux in general no longer has a flat-space ground state which 
preserves all supercharges [6,31,32]. From the above discussion, we see that this implies that we 
still have a globally defined non- vanishing spinor ij, but we no longer require that r] is covariantly 
constant, so Vm?? / 0. In other words, Y has 5[/(3)-structure but generically the Levi-Civita 
connection no longer has SU (3)-holonomy, so in general, Y is not Calabi-Yau. In particular, as 
discussed in appendixEl generic manifolds with 5?7(3)-structure are not Ricci-flat. 

In analogy with Calabi-Yau manifolds let us first use the existence of the globally defined 
spinor 7] to define other invariant tensor fields.^ Specifically, one has a fundamental two-form 



m = 1, . . . , 6 . 



(3.8) 



J, 



mn 



(3.9) 



and a three-form 



n = n+ + in 



(3.10) 



■'For Calabi-Yau manifolds these constructions are reviewed, for example, in ref. [59]. For compactifications 
with torsion they are generalized in ref. [45,46,55,60] and here we closely follow these references. 
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where 

By applying Fierz identities one shows 

J A J A J = ^QaCI , 

4 (3.12) 

J An = , 

exactly as for Calabi-Yau manifolds. Similarly, raising an index on J^n and assuming a nor- 
malization rj^rj = 1, one finds 

1 p 1 n _ n J Pjr _ 

by virtue of the F-matrix algebra HB.ll) . This implies that defines an almost complex 
structure such that the metric gmn is Hermitian with respect to Jm^- The existence of an almost 
complex structure is sufficient to define (p, g)-forms as we review in appendixEl In particular, 
one can see that is a (3, 0)-form. 

Thus far we have used the existence of the 5C/(3)-invariant spinor rj to construct J and 0,. 
One can equivalently characterize manifolds with 5C/(3)-structure by the existence of a globally 
defined, non-degenerate two-form J and a globally defined non-vanishing complex three-form 0, 
satisfying the conditions (|3.12j) . Together these then define a metric [41,61]. 

The key difference from the Calabi-Yau case is that a generic Y does not have 5*^7(3) 
holonomy since 'VmV 7^ 0. Using (|3.9)) and (|3.1()j) this immediately implies that also J and 0, 
are generically no longer covariantly constant VmJnp ,Vm^npq 0- In other words the 
deviation from being covariantly constant is a measure of the deviation from SU{3) holonomy 
and thus a measure of the deviation from the Calabi-Yau condition. This can be made more 
explicit by using the fact that on Y there always exists another connection V^"^\ which is metric 
compatible (implying Vm Onp = 0), and which does satisfy Vm f] = [40,41]. The difference 
between any two metric-compatible connections is a tensor, known as the contorsion Kmnp, and 
thus we have explicitly 

V^^^r/ = VmV - ^'^mnpr'^^'r? = , (3.14) 

where F^^ is the antisymmetrized product of F-matrices defined in appendix I A . 31 and Kmnp takes 
values in A-^ (A^' being the space of forms). We see that Kmnp is the obstruction to rj being 
covariantly constant with respect to the Levi-Civita connection and thus for non-vanishing k 
the manifold Y can not be a Calabi-Yau manifold. Similarly, using (|3.9|) . ll3.1Ujl and (|3.14j) one 
shows that also J and J7 are generically no longer covariantly constant but instead obey 

^m^'^ np ~ ^ mJ np '^mn Jrp ^mp Jnr — , 

(T) r r r (3.15) 

^ m ^nmp — ^ m^npq ^mn ^rpq ^mp ^nrq ^mt? ^npr — j 

where again k is measuring the obstruction to J and 0, being covariantly constant with respect 
to the Levi-Civita connection. We see that the connection V*-"^^ preserves the SU{3) structure 
in that i] or equivalently J and are constant with respect to V^^^. 

Let us now analyze the contorsion k € A^ A^ in a little more detail. Recall that A^ is 
isomorphic to the Lie algebra so(6), which in turn decomposes into su{3) and su{3)-^, with the 
latter defined by su{3) (B su{3)'^ = so(6). Thus the contorsion actually decomposes as k^"^^) + «;^ 
where k'*"^^) G A-^ (8) su{3) and k*^ G A-*^ su(3)"'". Consider now the action of k on the spinor 
r]. Since ry is an SU{3) singlet, the action of su{3) on r] vanishes, and thus, from (|3.14|) . we see 
that 

Vmr? = ^AC^pF^^'r? . (3.16) 

From (|3.15|) . one finds that analogous expressions hold for VmJnp and Vm^npq- We see that the 
obstruction to having a covariantly constant spinor (or equivalently J and fi) is actually mea- 
sured by not the full contorsion k but by the so-called "intrinsic contorsion" part k^. Eq. (|3.16|) 
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implies that is independent of the choice of V^^^ satisfying H3.14() . and thus is a property 
only of the 5'f/(3)-structure. This fact is reviewed in more detail in appendix IdI 

Mathematically, it is sometimes more conventional to use the torsion T instead of the contor- 
sion k; the two are related via T^np = ^('^mnp — I'^nmp) and T^np also satisfies (|D.15|) . Similarly, 
one usually refers to the corresponding "intrinsic torsion" Tj^^p = ^{Kmnp ~ '^nmp) which also 
is an element of (8) su{3)-^ and is in one-to-one correspondence with k^.^ If and hence 
r'' vanishes, we say that the SU (3) structure is torsion-free. This implies VmV = and the 
manifold is Calabi-Yau. 

Both and can be decomposed in terms of irreducible 5^7(3) representations and hence 
different SU (3) structures can be characterized by the non-trivial SU{3) representations T° 
carries. Adopting the notation used in [43,44] we denote this decomposition by 

r° G Wie>V2e>V3e>V4eW5 , (3.17) 

with the corresponding parts of labeled by Tj with i = 1, . . . , 5 and where the representations 
corresponding to the different Wj are given in table ITTl 



component 


interpretation 


5'[/(3)-representation 


Wi 


J AdQ, or ^ AdJ 


lei 


W2 




8©8 


m 


{dj)r + idjyo' 


606 




J AdJ 


303 


m 


dn^'^ 


303 



Table 3.1: The five classes of the intrinsic torsion of a space with SU{3) structure. 



The second column of table 13.11 gives an interpretation of each component of in terms 
of exterior derivatives of J and 0,. The superscripts refer to projecting onto a particular {p, q)- 
type, while the subscript refers to the irreducible SU (3) representation with any trace part 
proportional to J" removed (see appendix ID.0.3|) . This interpretation arises since, from 1)3. 15() . 
we have ^ 

dJ-mnp — ^'^[mn '-^rlp] ; 



d^mnpq — ^'^T^mn ^r\pq] 



(3.18) 



These can then be inverted to give an expression for each component Tj of in terms of dJ 
and d^l. This is discussed in more detail from the point of view of SU (3) representations in 
appendix 10.0.31 

Manifolds with SU (3) structure are in general not complex manifolds. An almost complex 
structure J (obeying (|3.13j) ) necessarily exists but the integrability of J is determined by the 
vanishing of the Nijenhuis tensor N^n'- From its definition (|D.4|) we see that a covariantly 
constant J has a vanishing Nmn^ and in this situation the manifold is complex and Kahler (as 
is the case for Calabi-Yau manifolds). However, for a generic J the Nijenhuis tensor does not 
vanish and is instead determined by the (con-) torsion using HD.4|) and (|3.15|) . Thus also 
is an obstruction to Y being a complex manifold. However, one can show [43, 44] that N^n' 
does not depend on all torsion components but is determined entirely by the component of the 
torsion ri©2 G Wi yV2, through 

Nmn" = KTimUn" ■ (3.19) 

Before we proceed let us summarize the story so far. The requirement of an = 2 super- 
symmetric effective action led us to consider manifolds Y with 5C/(3)-structure. Such manifolds 

®Note that our terminology is not very precise in that whenever we use the notion of torsion we in fact mean 
by this intrinsic torsion. 



36 



CHAPTER 3. GENERALIZED CALABI-YAU COMPACTIFICATIONS 



admit a globally defined SU (3)-invariant spinor rj but the holonomy group of the Levi-Civita 
connection is no longer SU{3). The deviation from SU{3) holonomy is measured by the intrinsic 
(con-)torsion, and implies that generically the manifold is neither complex nor Kahler. However, 
the fundamental two-form J and the (3, 0)-form can still be defined; in fact their existence is 
equivalent to the requirement that Y has SU (3)-structure. Different classes of manifolds with 
SU{3) structure are labeled by the 5'[/(3)-representations in which the intrinsic torsion tensor 
resides. In terms of J and this is measured by which components of the exterior derivatives 
dJ and dO, are non-vanishing. 

3.2.2 Half-flat manifolds 

In general, we might expect that there are further restrictions on Y beyond the supersymmetry 
condition that it has SU (3)-structure. This would correspond to constraining the intrinsic 
torsion so that only certain components in table im are non- vanishing. We provide evidence for 
a particular set of constraints in the following subsections. Then, in section we verify that 
these conditions do lead to the required mirror symmetric type IIA effective action. 

Before doing so, however, let us consider two arguments suggesting how these constraints 
might appear. First, recall that the Kahler moduli on the Calabi-Yau manifold are paired with 
the B2 moduli as an element B2 + iJ of H'^{Y,C) where J is the Kahler form. Under mirror 
symmetry, these moduli map to the complex structure moduli of Y which are encoded in the 
closed holomorphic (3, 0)-form Turning on flux on the original Calabi-Yau manifold 
means that the real part of the complex Kahler form B2 + iJ is no longer closed. Under the 
mirror symmetry, this suggests that we now have a manifold Y where half oiVt = VL'^ + iil^ , in 
particular O"*", is no longer closed. From table 13. ll we see that dO^'^ is related to the classes Wi 
and W2 which can be further decomposed into © and © giving 



^102 corresponding to (dfi^)^'^ , 
T{^2 corresponding to (dO")^'^ . 



(3.20) 



Thus, the above result that only remains closed suggests that, 

T{^2 = • (3.21) 

One might expect that it also implies that half of the W5 component vanishes. However, as 
discussed in [44], (dn"*")^'^ and (dO")^'^ are related, so, in fact, all of the component in W5 
vanishes and we have in addition 

Ts = . (3.22) 

The second argument comes from the fact that the intrinsic torsion should be such that it 
supplies the missing 2(/i(^'^) -|- 1) NS-fluxes. In other words we need the new fluxes to be counted 
by the even cohomology of the original Calabi-Yau manifold Y . This implies that there should 
be some well-defined relation between Y and the Calabi-Yau manifold Y . We return to this 
relation in more detail in section [3.3.11 but here let us simply make the very naive assumption 
that we try to match the SU{3) representations of the HP''^{Y) cohomology group with the 
SU{3) representations of T^. This suggests setting 

r4 = Ts = . (3.23) 

since the corresponding i?^'^(y) and i7'^'^(y) groups vanish on Y. On the other hand ^1^2, 3 can 
be non-zero as the corresponding cohomologies do exist on Y. 

Taken together, these arguments suggest that the appropriate conditions might be 

Ti" 2 = T4 = Ts = . (3.24) 
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This is in fact a known class of manifolds, denoted half- flat [44]. From table IXTI it is easy to see 
that the necessary and sufficient conditions can be written as 

dQ- =0, , , 

(3-25 

d{JAJ) = 0. 

It will be useful in the following to have explicit expressions for the components of the 
intrinsic torsion Ti, T2 and T3 which are non- vanishing when the manifold is half- flat. From 
table im we recall that Ti^2 is in the same SU (3) representation as a complex four- form 
of type (2, 2). Explicitly we have 

(^l©2)m7i^ — Pmnrs^ ^ ~l~ Pmnrs^ ^ • (3.26) 

The half- flatness condition T^^2 = just imposes that F is real {F = F) so that 

(^le2)mn^ = (^102)"!"^ ~ '^■^mriTS ^ ! (3.27) 

where we have used (|3.1()|) . Explicitly, from the relations (|3.18j) one has that F is related to dVt 

by' ^ ^ 

^rrinrs = ^| | |2 (^^)rnnrs ~ ^| | j-^j |2 (^^^)rnnrs ■ (3.28) 

We will see in section|2I31that this plays the role of the NS four-form which precisely complexifies 
the RR 4-form background flux in the low-energy effective action. This fact was anticipated 
in [8]. However, it will only generate the electric fluxes defined in ()C.13|) . i.e. half of the missing 
NS-fluxes. As we said in the introduction, the treatment of the magnetic fluxes, corresponding 
to the NS two- form flux is more involved and will be discussed in a separate publication [62]. 

Similarly, we see from table IXTl that the component T^ of the torsion is in the same represen- 
tation as a real traceless three-form ^g^'^'* -l-^o^'^'' of type (2, 1) + (1, 2) (see also appendix lD.n.3|) . 
From (|3.18j) we see that this form is proportional to {dJ)''^'^^ Explicitly we have 

(T^^Ynnp — ^ ^ "^P^ {dJ)iYi'fi'p' 2i^ (rj )mnp j (3.29) 

where by F we denoted the trace in complex indices Fap'^^ . 

The remainder of the section focuses on providing evidence that equations ()3.25|) are indeed 
the correct conditions. Before doing so, recall that compactifications on manifolds with torsion 
have also been discussed in refs. [42,45-54,60]. The philosophy of these papers was slightly 
different in that they considered backgrounds where some of the p-form field strength were 
chosen non-zero and in order to satisfy 5ipm = 0. Here instead we want the torsion to generate 
terms which mimic or rather are mirror symmetric to NS-flux backgrounds. As a consequence, 
one finds rather different conditions. Since in both cases one wants N = 2 supersymmetry 
in four dimensions, the class of manifolds discussed in [42, 45-52, 60] are also manifolds with 
SU{3) structure. However, in these cases the torsion is a traceless real three-form. This implies 
T € W3 © VV4 so that Ti = T2 = T5 = 0. As a consequence the Nijenhuis tensor vanishes (since 
it depends only on Ti^2) and the manifolds are complex but not Kahler. 



3.3 Type IIA on a half-flat manifold 

Before we launch into the details of the dimensional reduction, recall that we are aiming at the 
derivation of a type IIA effective action which is mirror symmetric to the type IIB effective action 
obtained from compactifications on Calabi-Yau threefolds with (electric) NS 3-form flux 

^Note, that up to this point, the normahzation r;^?7 = 1 fixed the normaUzation of J and fi. In the following 
it will be useful to allow an arbitrary normalization of Q, thus we have included in this expression the general 
factor = ifi^^^n""^. 
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turned on. This effective theory is reviewed in section IC . 21 while the Calabi-Yau compactification 
of type IIA without fluxes is recalled in section [!^.2.21 As we have stressed throughout, the central 
problem is that in IIA theory there is no NS form-field which can reproduce the NS-fluxes which 
are the mirrors of in the type IIB theory. Vafa suggested that the type IIA mirror symmetric 
configuration is a different geometry where the complex structure is no longer integrable [8], so 
that the compactification manifold Y is not Calabi-Yau. In the previous section we have already 
collected evidence that half- flat manifolds are promising candidates for Y. The additional flux 
was characterized by the four- form F^^'^) ~ tiri^'^. The purpose of this section is to calculate the 
effective action, in an appropriate limit, for type IIA compactified on a half-flat Y, and show that 
it is exactly equivalent to the known effective theory for the mirror type IIB compactification 
with electric flux. 

The basic problem we are facing in this section is that so far we have no mathematical 
procedure for constructing a half-flat manifold Y from a given Calabi-Yau manifold Y. Instead 
we will give a set of rules for the structure of Y and the corresponding light spectrum by 
using physical considerations and in particular using mirror symmetry as a guiding principle. 
Specifically, we will write a set of two-, three- and four-forms on Y which are in some sense 
"almost harmonic". By expanding the IIA fields in these forms, we can then derive the four- 
dimensional effective action which is equivalent to the known mirror type IIB action. 

3.3.1 The light spectrum and the moduH space of Y 

To derive the effective four-dimensional theory we first have to identify the light modes in the 
compactification such as the metric moduli. Unlike the case of a conventional reduction on 
a Calabi-Yau manifold, from the IIB calculation we know that the low-energy theory has a 
potential ()C.34|) and so not all the light fields are massless. In any dimensional reduction there 
is always an infinite tower of massive Kaluza-Klein states, thus we need some criterion for 
determining which modes we keep in the effective action. 

Recall first how this worked in the type IIB case. One starts with a background Calabi-Yau 
manifold Y and makes a perturbative expansion in the flux H^. To linear order, only appears 
in its own equation of motion, while it appears quadratically in the other equations of motion, 
such as the Einstein and dilaton equations, so, heuristically. 



'-mn 



(3.30) 



In the perturbation expansion we first solve the linear equation on Y which implies that is 
harmonic. We then consider the quadratic backreaction on the geometry of Y and the dilaton. 
The backreaction will be small provided is small compared to the curvature of the compact- 
ification, set by the inverse size of the Calabi-Yau manifold 1/L. Recall, however, that in string 
theory the flux J^^ H, where 73 is any three-cycle in Y is quantized in units of a' . Consequently 

~ d jl? and so for a small backreaction we require H^/L~^ ~ a' /LP' to be small. In other 
words, we must be in the large volume limit where the Calabi-Yau manifold is much larger than 
the string length, which anyway is the region where supergravity is applicable. The Kaluza- 
Klein masses will be of order 1/L. The mass correction due to is proportional to ol jl? and 
so is comparatively small in the large volume limit. Thus in the dimensional reduction it is 
consistent to keep only the zero-modes on Y which get small masses of order a' /IP and to drop 
all the higher Kaluza-Klein modes with masses of order 

We would like to make the same kind of expansion in IIA and think of the generalized mirror 
manifold Y as some small perturbation of the original Calabi-Yau Y mirror to Y without flux. 
The problem we will face throughout this section is that we do not have, in general, an explicit 
construction of Y from Y . Thus we can only give general arguments about the meaning of such a 
limit. Prom the previous discussion we saw that it is the intrinsic torsion which measures the 
deviation of Y from a Calabi-Yau manifold. Thus we would like to think that in the limit where 
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T^ is small Y approaches Y. The problem is that in general Y and Y have different topology. 
Thus, at the best, we can only expect that Y approaches Y locally in the limit of small intrinsic 
torsion. Put another way, the torsion, like is really "quantized". Consequently, it cannot 
really be put to zero, instead we can only try distorting the space to a limit where locally T^ is 
small and then locally the manifold looks like Y. 

This can be made slightly more formal in the following way. It is a general result [39] that 
the Riemann tensor of any manifold with SU (n) structure has a decomposition as 

R = RcY + R± , (3.31) 

where the tensor i?cY has the symmetry properties of the curvature tensor of a true Calabi-Yau 
manifold, so that, for instance the corresponding Ricci tensor vanishes. The orthogonal com- 
ponent R± is completely determined in terms of VT^ and (T^)"^. (Note that the corresponding 
decomposition of the Ricci scalar in the half- flat case is calculated explicitly in appendix IeI) 
From this perspective, we can think of R± as a correction to the Einstein equation on a Calabi- 
Yau manifold, analogous to the correction in the IIB theory. In particular, if Y is to be 
locally like Y in the limit of small torsion, we require 

Rcy{Y) = R{Y) . (3.32) 

What, however, characterizes the limit where the intrinsic torsion is small? Unlike the IIB 
case the string scale does not appear in T^. Typically both curvatures -RcY and R± are of order 
where L is the size of Y. Thus making Y large will not help us. Instead, we must consider 
some distortion of the manifold so that R± <C -RcY- What this distortion might be is suggested 
by mirror symmetry. We know that, without flux, a large radius Y is mapped to Y with large 
complex structure. Thus we might expect that we are interested in the large complex structure 
limit of Y. 

In this limit, the conjecture is that R±{Y) becomes a small perturbation, with a mass scale 
much smaller than the Kaluza-Klein scale set by the average size of Y. Thus, as in the IIB case, 
at least locally, the original zero modes on Y become approximate massless modes on Y gaining 
a small mass due to the non-trivial torsion. This suggests it is again consistent in this limit to 
consider a dimensional reduction keeping only the deformations of Y which correspond locally 
to zero modes of Y. This holds both for the ten-dimensional gauge potentials given in the case 
without flux in (|2.39|) and the deformations of the metric as in (|B.20|) and (|B.29|) . 

Having discussed the approximation, let us now turn to trying to identify this light spectrum 
more precisely and characterizing how the missing NS flux enters the problem. As discussed, it 
is the intrinsic torsion of Y which characterizes the deviation of Y from a Calabi-Yau manifold 
therefore we expect that this encodes the NS-flux parameters we are looking for. Mirror sym- 
metry requires that these new NS-fluxes are counted by the even cohomology of the "limiting" 
Calabi-Yau manifold Y. As we saw above, in the case of half-flat manifolds this suggests that 
the real (2, 2)-form F ~ dQ on Y, introduced in (|3.27|) and discussed by Vafa [8], can be viewed 
as specifying some "extra data" on Y which is a harmonic form C G H'^{Y,'K) (or equivalently 
//^(y, M)) measuring, at least part of, the missing NS flux. 

As mentioned above, the problem is that we have no explicit construction of Y in terms of 
Y and some given flux C. Nonetheless, we expect, if mirror symmetry is to hold, that for each 
pair (y, () there is a unique half- flat manifold 1^, so that there is a map 

{Y,C)^Y^, (3.33) 

where, in the limit of small torsion (large complex structure), Y and 1^ with the correspond- 
ing metrics are locally diffeomorphic. In fact, we can argue two more conditions. First, the 
identification 1)3. 33(1 can be applied at each point in the moduli space of Y giving us, assuming 
uniqueness, a corresponding moduli space of 1^. Furthermore, it can be checked , for the simple 
case of the torus, that the type IIB H-^-Rux only effect the topology of Y in the sense that all 
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points in the moduli space of 1"^ for given flux had the same topology. Thus we see that, if 
mirror symmetry is to hold, the moduli space of metrics Ai{Y) and A^(y^) of Y and Y are the 
same 

M{Yt^) = M{Y) for any given C , (3.34) 

where C only effects the topology of Y. This gives the full moduli space of all 1^ the structure 
of an infinite number of copies of Ai{Y) labeled by 

More explicitly, the matching of moduli spaces means that for each ($7, J) on Y, since 1^ has 
SU(3) structure, we have a unique corresponding (17, J) on Y and we must have a corresponding 
expansion in terms of a basis of forms on Y 

^ = z^aA-J'AP^ , A = 0,l,...,h^''^HY) , 

n 1^ (3.35) 
J = v'u;i, i = l,...,/i(i'i)(y) , 

where z"^ = (1, z") with a = 1, . . . , /i^^'^^ (Y) and the z'^ are the scalar fields corresponding to the 
deformations of the complex structure {J- a is defined in section IB.5|) , while the are the scalar 
fields corresponding to the Kahler deformations. The key point here is that although {aA,P^) 
form a basis for 0, and the uji form a basis for J they are not, in general, harmonic, and thus 
are not bases for H^(Y) and H^^'^\Y). Locally, however, in the limit of small intrinsic torsion, 
they should coincide with the harmonic basis of H^{Y) and H^^'^\Y) on Y. For *J one has an 



analogous expansion in terms of four-forms on Y as in (|B.26|) 

* J = AKgijv'Cj^ , i = 1, . . . , /i(i'i) {Y) , (3.36) 

where, again, there is no condition on u)* being harmonic on y, but in the small torsion limit 
they again locally approach harmonic forms on Y . 

The above expressions (|3.35|) and (|3.36|) have been written in terms of a prepotential J- and 
a metric gij which is the metric on the moduli space just as for Y . If the low-energy effective 
action is to be mirror symmetric we necessarily have that the metrics on the moduli spaces 
M{Y(^) and M{Y) agree. This means that the corresponding kinetic terms in the low-energy 
eff'ective action agree and implies the conditions 

uJi^u^ = 5{, [aAAf3^ = S^, [aA/\aB=[^f3^Af3^ = 0, (3.37) 

Y Jy Jy Jy 

exactly as on Y in (|R25|) and l|R28|) . 

Now let us return to the fiux and the restrictions implied by 1^ being half-flat. Recall 
that we have argued that the four-form F^^'^^ ~ (dJl)^'^ corresponds to a harmonic form ( G 
iif^(y, Z) measuring the flux. Given the map between harmonic four-forms on Y and the basis 

introduced in (|3.36|) . we are naturally led to rewrite 1)3. 28() as 



^(2,2) ^ 

^ mnpq — ^1 1^1 12 ^ '^™"P<7 



411^1 12 ^^^mnpq 



(3.38) 

l,...,h^'''HY), 



where the Cj are constants parameterizing the flux. Again, in the limit of small torsion, locally 
F is equivalent to a harmonic form on Y, namely C- 
Inserting (lO^ll into (jHSHJ, we have 

dn = z'^daA - J'Adp'^ = eiCj' . (3.39) 

However, we argued that the flux only effects the topology of Y and does not depend on the 
point in moduli space. Thus, we require that this condition is satisfied independently of the 
choice of moduli z^ = (1,2*^). This is only possible if we have 

dao = eiCj\ dua = dp"^ = , (3.40) 



3.3. TYPE II A ON A HALF-FLAT MANIFOLD 



41 



where ao is singled out since it is the only direction in Q which is independent of z"'.''' Further- 
more, inserting (|3.4U|) into H3.37() gives 

Ci = J uJi A dao = — J duJi A ao • (3-41) 

Thus consistency requires 

duJi = eil3^ , dw* = , (3.42) 

where the second equation follows from ()3.4U|) .^ 

Eqs. (|3.4fl)) and (|3.42|) imply, just as we anticipated above that neither LOi nor a)* are harmonic. 
In particular, u)i are no longer closed while the dual forms u)* are no longer co-closed, since at 
least one linear combination eju)* is exact. However, assuming for instance that ei is non-zero, 
the linear combinations 

uj[ = UJi -oji ., « / 1 , (3.43) 

ei 

are harmonic in that they satisfy 

duj'i = d^uj'i = , (3.44) 

where we used d^u;- = ~ *doj'^. Thus there are still at least h^-^'^^Y) — 1 harmonic forms 

o;^ on Y. The same argument can be repeated for where one finds 2h^^''^^ harmonic forms or 
in other words the dimension of H'^ has changed by two and we have together 

/i(2) (Y) = /i(i'i) {Y)-l , (Y) = (y) - 2 . (3.45) 

Physically this can be understood from the fact that some of the scalar fields gain a mass 
proportional to the flux parameters and no longer appear as zero modes of the compactification. 
Similarly, from mirror symmetry we do not expect the occurrence of new zero modes on Y as 
these would correspond to additional new massless fields in the effective action. This is also 
consistent with our expectation that Y is topologically different from Y which stresses the point 
that Y and Y can only be locally close to each other in the large complex structure limit. 

Simply from the moduli space of SU (3)-structure of Yq and the relation (|3.38|) we have 
conjectured the existence of a set of forms on 1^ satisfying the conditions (|3.4()j) and (|3.42j) 
which essentially encode information about the topology of 1^. We should now see if this is 
compatible with a half-flat structure. In particular we find, given (|3.35|) . 

dJ = v'eif3° , 

(3.46) 



From the standard SU (3) relation J A 17 = we have that loi A = u>i A (3^ = for all A 
and hence in particular J A dJ = 0. Furthermore, since the Cj are real, dO,^ = 0. Thus we see 
that (|3.4U|) and (|3.42j) are consistent with half-flat structure.^ Furthermore, since dJ and dO, 
completely determine the intrinsic torsion T", we see that all the components of T° are given in 
terms of the constants ei without the need for any additional information. 

Let us summarize. We proposed a set of rules for identifying the light modes for compacti- 
fication on Y compatible with mirror symmetry and half- flatness. We first argued that in the 
limit of large complex structure the torsion of Y is small, and locally Y and Y are diffeomorphic, 
even though globally they have different topology. In this limit, the light spectrum corresponds 

^Of course this corresponds to a specific choice of the symplectic basis of H'^. It is the same choice which is 
conventionally used in establishing the mirror map without fluxes. 

^Strictly speaking also dwi = 6^/3° + o^qa + fca/S" for some yet undetermined coefficients a"^ ,ha solves 113.4111 . 
However by a similar argument as presented for the exterior derivative of tUi one can see that any non-vanishing 
such coefficient will produce a nonzero derivative of aa or/and (3^ contradicting 13.4011 . From this one concludes 
that the only solution of 113. 4H is 13.4211 . 

^It would be interesting to calculate the moduli space of half-flat metrics on Yq directly and see that it agreed 
with, or at least had a subspace, of the form given by (lO^ and lIT^ together with and llO^ . 
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to modes on Y which locally map to the zero modes of Y. This was made more precise by first 
noting that mirror symmetry implies a one-to-one correspondence between each pair of a Calabi- 
Yau manifold Y and flux G H'^iY^ %) and a unique half- flat manifold 1^. As a consequence the 
moduli space of half-flat metrics on 1^ has to be identical with the moduli space of Calabi-Yau 
metrics on Y . This in turn implies that the metrics on these moduli spaces agree and a basis of 
forms for J and exist on Y which coincides with the corresponding basis of harmonic forms 
on Y in the small torsion limit. Identifying the missing NS flux Cj as F ~ dO^'^ ~ Cju;* led to a 
set of differential relations among this basis of forms in terms of the /i(^'^^(y) flux parameters e,. 
We further showed that these relations are compatible with the conditions of half- flatness. As 
we will see more explicitly in the next section these forms give the correct basis for expanding 
the ten-dimensional fields on Y and obtaining a mirror symmetric effective action. We will find 
that the masses of the light modes are proportional to the fluxes and thus to the intrinsic torsion 

of y. 



3.3.2 The effective action 

In this section we present the derivation of the low energy effective action of type IIA supergravity 
compactified on the manifold Y described in sections 13 . 2 . 21 and 13. 3 . II As argued in the previous 
section we insist on keeping the same light spectrum as for Calabi-Yau compactifications and 
therefore the KK-reduction is closely related to the reduction on Calabi-Yau manifolds which 
we recall in appendix 12.2.21 The difference is that the differential forms we expand in are no 
longer harmonic but instead obey 

dao = eiW* , daa = df)"^ = , duJi = , dCo' = . (3.47) 

However, we continue to demand that these forms have identical intersection numbers as on 
the Calabi-Yau or in other words obey unmodified (|3.37l) . As we are going to see shortly the 
relations (|3.47j) are responsible for generating mass terms in the effective action consistent with 
the discussion in the previous section. 

Let us start from the type IIA action in Z? = 10 [3] 

e'"^^ (^-^R*l + 2d4> A *d4> - ^H^ A *i?3 
If/- - - -\ 1 



2 



F2 A *F2 + F4 A *F4) + i?3 A A dCs , (3.48) 



where the notations are explained in more detail in section 12.2.21 In the KK-reduction the 
ten-dimensional (hatted) fields are expanded in terms of the forms u>i,aA,(3^ introduced in 

4> = <l), Ai = A\ B2 = B2 + b'ui 
Cs = C3 + A'AuJi+ i^aA + , (3.49) 

where A^jA' are one-forms in D = 4 (they will generate h^^'^^ vector multiplets and contribute 
the graviphoton to the gravitational multiplet) while ^^,Ca, are scalar fields in D = 4. The 6* 
combine with the Kahler deformations of (|3.35j) to form the complex scalars f = ¥+iv^ sitting 
in the h^^'^^ vector multiplets. The ^"'^ia together with the complex structure deformations 
of 1)3. 35(1 are members of /i^^'^^ hypermultiplets while ^"^,^0 together with the dilaton (p and B2 
form the tensor multiplet. 



^°Note that we are not expanding in the harmonic forms uj[ defined in 13.4311 but continue to use the non- 
harmonic uji. The reason is that in the Wi-basis mirror symmetry will be manifest. An expansion in the oj^-basis 
merely corresponds to field redefinition in the effective action as they are just linear combinations of the uji. 
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The difference witli Calabi-Yau compactifications results from tlie fact that the derivatives 
of B2 , Ca in (|3.49|) are modified as a consequence of (|3.47jl and we find 

dCs = dCs + {dA') ALOi + {di^)aA + {dia)P'' + (d|o - eiA')p^ + ^e^Cj' , 

dB2 = dB2 + {dU)uJi + ei6*/3° . (3.50) 

We already see that the scalar ^0 becomes charged precisely due to 1)3. 47() which is exactly what 
we expect from the type IIB action. However, on the type IIB side we have {h^^'"^^ + 1) electric 
flux parameters while in ()3.5U() only /i^^'^) fluxes Cj appear. The missing flux arises from the 
NS 3- form field strength H'^ = dB2 in the direction of . Turning on this additional NS flux 
amounts to a shift 

H3^H3 + eo/3° , (3.51) 

where cq is the additional mass parameter. Using (|3.50|) . (|3.5H) and (|2.37j) we see that the 
parameter eo introduced in this way naturally combines with the other fluxes Cj into 

^3 = dB2 + db'ui + {eiU + eo)P^ , (3.52) 
F4 = {dC3-A^AdB2) + {dA'-A^db')AuJi + D^^aA + DUf3^ + feiCb\ 

where the covariant derivatives are given by 

^lo = d|o-e.(A' + 6MO)-eo^°, D^^ = d^^, D^, = di,. (3.53) 

This formula is one of the major consequences of compactifying on Y (in particular of expanding 
the 10 dimensional fields in forms which are not harmonic) as one of the scalars, becomes 
charged. 

From here on the compactification proceeds as in the massless case by inserting (|3.52)) into 
the action (|3.48l) . Except for few differences which we point out, the calculation continues as 
in section [2.2.21 and we are not going to repeat this calculation here. Using (|2.39|) . (|3.5()j) and 
1)3.52(1 one can see that the parameters eo and give rise to new interactions coming from the 
topological term in ()3.48)) 

^jH^ACsAdCs = ^dB2AA'ei-^dB2A(^f{dio-eiA')+edia-UdC'^) 

+ |-eid6* AC3 + -db' A A^ A dA^ldjk (3.54) 
-^{eib' + eo)dC3 - ^{e^b' + eo) AC3A df , 

where fCijk is defined in (|B.19|) . 

The 3-form C3 in 4 dimensions carries no physical degrees of freedom. Nevertheless it can not 
be neglected as it may introduce a cosmological constant. Moreover when such a form interacts 
non-trivially with the other fields present in the theory as in (|3.54|) its dualization to a constant 
requires more care. Collecting all terms which contain C3 we find 

Sc, = -^{dC3 -A^ A dB2) A *{dC3 -A^A dB2) - e° {eib' + eo)dC3 ■ (3.55) 

As shown in [63, 64] the proper way of performing this dualization is by adding a Lagrange 
multiplier XdC^. The 3-form C3 is dual to the constant A which was shown to be mirror 
symmetric to a RR-flux in ref. [7] and consequently plays no role in the analysis here. Solving 
for dC^, inserting the result back into (|3.55() and in the end setting A = we obtain the action 
dual to (HTK^ 

Sduai = -^(e^^' + eo)' - e° {eib' + eo)A'^ A dB2 . (3.56) 
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Finally, in order to obtain the usual N = 2 spectrum we dualize B2 to a scalar field denoted 
by a. Due to the Green-Schwarz type interaction of B2 (the first term in (|3.54|1 and the second 
term in H3.56() l a is charged, but beside that the dualization proceeds as usually. Putting together 
all the pieces and after going to the Einstein frame one can write the compactified action in the 
standard N = 2 form 



Sua 



-^R*l- gijdf A *dt^ - huvDq'' A *Dq'' 

+i ImMijF^ A + ^ ReATijF^ A F"^ - Vha *i] , (3.57) 



where the gauge coupling matrix A//j and the metrics gij.,huv are given in (|B.85() . (|B.22() and 
1)2. 57() respectively. As explained in section r2. 2. 21 the gauge couplings can be properly identified 
after redefining the gauge fields A^ ^ A^ — JfA^. We have also introduced the notation / = 
(0, i) = 0, . . . , h^^'^^ and so A^ = {A^ , A^). Among the covariant derivatives of the hypermultiplet 
scalars Dq^ the only non-trivial ones are^^ 

Da = da-i^eiA^ ] Dio = d^o + ejA^ . (3.58) 

We see that two scalars are charged under a Peccei-Quinn symmetry as a consequence of the 
non-zero ej. 

Before discussing the potential Vha let us note that the action (|3.57|) already has the form 
expected from the mirror symmetric action given in section IC. 21 In particular the forms oq and 

in (|3.47|1 single out the two scalars ^'',■^0 from the expansion of C^. maps under mirror 
symmetry to the RR scalar / which is already present in the D = 10 type IIB theory while .^o 
maps to the charged RR scalar in type IIB. Moreover, using these identifications one observes 
that the gauging (|3.58() is precisely what one obtains in the type IIB case with NS electric fluxes 
turned on (|C.35|) . 

Finally, we need to check that the potential from (|3.57|) coincides with the one obtained in 
the type IIB case (|C.34|) . In the case of type IIA compactified on Y one can identify four distinct 
contributions to the potential: from the kinetic terms of B2 and C3, from the dualization of C3 
in 4 dimensions and from the Ricci scalar of Y. We study these contributions in turn. We go 
directly to the four-dimensional Einstein frame which amounts to multiplying every term in the 
potential by a factor e^^ coming from the rescaling of \f--g^ (p being the four-dimensional dilaton 
which is related to the ten-dimensional dilaton cj) by e~'^'^ = e~'^'^}C. 

Using (|3.52jl we see that the kinetic term of B2 in (|3.48|) contributes to the potential 

Vi = —{e,U + eof 13"^ A = -^{e,b' + eof [(ImA^)-i]°° , (3.59) 

where the integral over Y was performed using ()B.94|) , ()B.112|) and ()B.26|) . Similarly, the kinetic 
term of C3 produces the following piece in the potential 

V^2 = e^<^^e,e,<7^^- , (3.60) 

where g^^ arises after integrating over Y using HB.26|) . Furthermore, ()3.56|) contributes 

V3 = e^^^-^{e,b' + eo)' . (3.61) 
Combining (|3.59|) . (|3.60|) and (|3.6H) we arrive at 

ViiA = Vg + Vi + V2 + V3 (3.62) 
=V-^M^)' [i^^Mr'f - e'^ ^-^ejej [(ImAA)"!]" , 



"^Up to a redefinition of the sign of the fluxes. 
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where we used the form of the matrix (ImAA)"^ given in HB.86|) . is a further contribution to 
the potential which arises from the Ricci scalar. Since Y is no longer Ricci-flat R contributes to 
the potential and in this way provides another sensitive test of the half-flat geometry. 

In appendix^ we show that for half-flat manifolds the Ricci scalar can be written in terms 
of the contorsion as 

R — l^mnpf^ ^ 2^ ^'^ m^npq ^mp l^nlq) Jrs i (3.63) 

which, as expected, vanishes for At = 0. In order to evaluate the above expression we first we have 
to give a prescription about how to compute ^ m^^npq- Taking into account that at in the end 
the potential in the four-dimensional theory appears after integrating over the internal manifold 
Y we can integrate by parts and 'move' the covariant derivative to act on J. This in turn can be 
computed by using the fact that J is covariantly constant with respect to the connection with 
torsion 1)3. 15|) . Replacing the contorsion k from HD.18() . going to complex indices and using the 
defining relations for the torsion ()3.27|) , 1)3.29(1 and ()3.38() one can find after some straightforward 
but tedious algebra the expression for the Ricci scalar. The calculation is presented in appendix 
Eland here we only record the final result 

i? = -ie,e,y^' [(ImA^)-i]°V (3.64) 



-24, 



Taking into account the factor ^—^^ which multiplies the Ricci scalar in the 10 dimensional 
action (|3.48|) and the factor e"^"^ coming from the four-dimensional Weyl rescaling one obtains 
the contribution to the potential coming from the gravity sector to be 

V, = -^eieig^^[{lu.M)-'r . (3.65) 

Inserted into ()3.62|) and using again HB.86|) we can finally write the entire potential which appears 
in the compactification of type IIA supergravity on Y 

VuA = {{e? - ^ [(ImA^)-i]°°) ejej [(ImAA)-f ^ (3.66) 

In order to compare this potential to the one obtained in type IIB case (|C.34|) we should 
first see how the formula (|3.66() changes under the mirror map. We know that under mirror 
symmetry the gauge coupling matrices M and M are mapped into one another. In particular 
this means that^^ 

[{I^MaYT - [{Ir^MBrT = ■ (3-67) 

where we used the expression for [IrriM)^^ from ((B.86|) . With this observation it can be easily 
seen that the type IIA potential ((3. 66(1 is precisely mapped into the type IIB one ()C.34|) provided 
one identifies the electric fiux parameters e/ ^ ca and the four-dimensional dilatons on the two 
sides. 

To summarize the results obtained in this section, we have seen that the low energy effective 
action of type IIA theory compactified on Y is precisely the mirror of the effective action obtained 
in section IC.2I for type IIB theory compactified on Y in the presence of NS electric fluxes. 
This is our final argument that the half-fiat manifold Y is the right compactification manifold 
for obtaining the mirror partners of the NS electric fiuxes of type IIB theory. In particular 
the interplay between the gravity and the matter sector which resulted in the potential (|3.66|) 
provided a highly nontrivial check on this assumption. 



^■^In order to avoid confusions we have added the label A/B to specify the fact that the corresponding quantity 
appears in type IIA/IIB theory. 
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3.4 Type IIB on a half-flat manifold 

In the previous section, Vafa's proposal that the mirror of the NS fluxes should come from the 
geometry of the internal manifold was made more concrete : it was conjectured that when NS 
fluxes are turned on in type IIB theory, mirror symmetry requires the presence of a new class 
of manifolds, known as half-flat manifolds with SU (3) structure on type IIA side. The main 
argument supporting this proposal was provided by showing that the low-energy effective actions 
for the type IIB compactified on a Calabi-Yau three-fold in the presence of electric NS three- 
form flux and type IIA compactified on a half-flat space are equivalent. The purpose of this 
section is to test this conjecture in the reversed situation. We want to show that compactifying 
type IIB theory on half-flat manifolds produces an effective action which is mirror equivalent 
to type IIA theory compactified on Calabi-Yau three-folds with NS three-form flux turned on, 
whose action is reviewed in appendix IC. II 

Following the previous sections, we will now perform the compactification of type IIB on a 
manifold Y obeying (|3.4()|) and (|3.42jl . which again will turn out to be responsible for generating 
mass terms and gaugings in the lower-dimensional action. 

Let us start by shortly recording type IIB supergravity in ten dimensions. The NS-NS sector 
of the bosonic spectrum consists of the metric qmn^ an antisymmetric tensor field B2 and the 
dilaton (j). In the RR sector one finds the 0-, 2-, and 4-form potentials /, 6*2, A4. The four-form 
potential satisfies a further constraint in that its field strength is self-dual. The interactions 
of the above fields are described by the ten-dimensional action [3] 



Sfl^l = / e-^"^ [-^R*l + 2d4)h*d^- ^dB2 A *dB2 



+ 2d(f>A*d(i> - ^( 
- ^ j (^di A *dl -h F3 A A *F5 ) (3.68) 

/ A4AdB2AdC2 , 



2 „ 

where the field strengths F3 and F5 are defined as 

Fa = dC2 - idB2 , (3.69) 
F5 = dAi - dB2 A C2 . 

As it is well known the action (|3.68j) does not reproduce the correct dynamics of type IIB 
supergravity as the self-duality condition of F^ can not be derived from a variational principle. 
Rather this should be imposed by hand in order to obtain the correct equations of motion and 
we will come back to this constraint later as it plays a major role in the following analysis. 

In order to compactify the action 1)3. 68() on a half flat manifold we proceed as in section 
I3.3.2l and continue to expand the ten dimensional flelds in the forms which appear in (|3.4U|) and 
p. 42(1 even though they are not harmonic. The 4-dimensional spectrum is not modifled by the 
introduction of the fluxes, and is still obtained by a regular KK expansion 

B2 = B2 + b'AuJi, i = l,...,h^^'^\ (3.70) 
C2 = C2 + A , (3.71) 
i4 = DiAuJi + piACb^ + V^AoA-UAAP^, A = 0, . . . , h^^''^^ , 

and thus one flnds the two forms B2,C2, D2, the vector fields V^,Ua, and the scalars V^d^pi. 
Additionally, from the metric fluctuations on the internal space one obtains the scalar flelds z"" 
and 1)3. 35() . which correspond to the Calabi-Yau complex structure and Kahler class defor- 
mations respectively. Due to the self-duality condition which one has to impose on F^, not all 
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the fields listed above describe physically independent degrees of freedom. Thus as four dimen- 
sional gauge fields one only encounters either or Ua- In the same way, the scalars pi and 
the two forms D'2 are related by Hodge duality and one can eliminate either of the two in the 
four dimensional action. In the end one obtains an = 2 super symmetric spectrum consist- 
ing of a gravity multiplet {gfj.u,V^), h^"^'^^ vector multiplets and 4:{h^^'^^ + 1) scalars 
(f), hi, /i2, 6*, c*, f*, /O* which form h^^'^^ + 1 hypermultiplets.^^ 

Up to this point everything looks like the ordinary Calabi-Yau compactification reviewed in 
section 12.31 The difference comes when one inserts the above expansion back into the action 
(|3.68|) . Due to (|3.4()|) and (|3.42j) . the exterior derivatives of the fields (|3.71|) are going to differ 
from the standard case 

dB2 = dB2 + db' A + eib'(3^ + eo/3° , 

dC2 = dC2 + dc' A + eiC*/?° , (3.72) 
dAi = dD\ A + eiD'2 A /3° + dV^ ^aA- dUA A + {dpi - aV^) A . 

In analogy with type IIA case, we have also allowed for a normal flux proportional to P^. 
This naturally combines with the other fluxes parameters defined in 1)3.40(1 to provide all the 
_|_ I electric fluxes. With these expressions one can immediately write the field strengths 
F3 and F5 from (ITOl) 

F3 = {dC2 - ldB2) + {dd - IdU) ^uJi + die' - - leoP'^ , (3.73) 

F5 = {dDi-db' AC2-c'dB2) AuJi + iDpi-ICijkc'db'') AC:;' +F'^ Aua-GaAP^ , 
where we have defined 

Dpi = dpi - eiV^ , 

F^ = dV^ , Ga = dUA , (3.74) 
Go = Go-ei{Dl-b'C2) + eoC2; Ga = Ga . 

In order to derive the lower-dimensional action we adopt the following strategy [35]. In the 
first stage we are going to ignore the self-duality condition which should be imposed on F^ and 
treat the fields coming from the expansion of A4 as independent. Thus, initially we naively insert 
the expansions (|3.72j) into (|3.73|) and perform the integrals over the internal space. To obtain 
the correct action we will further add suitable total derivative terms so that the self-duality 
conditions appear from a variational principle. At this point one can eliminate the redundant 
fields and in this way obtain the four-dimensional effective action and no other constraint has 
to be imposed. It can be checked that the result obtained in this way is compatible with the 
ten dimensional equations of motion. 

Let us apply this procedure step by step. First one inserts the expansions ((3. 72(1 and ()3.73|1 
into the ten-dimensional action (j3.(i8j) . The various terms of this action take the form 

1 /* 1 

- - / dB2 A *dB2 = -— dB2 A *dB2 - JCgijdb' A *dh> + -[aU + eofn^ * 1 , 
4 Jy 4 4 



1 /* IC 

- F3A*F3 = --{dC2-ldB2) A*idC2-ldB2) 

2 Jy 2 



-21Cgij{dd - m) A *{dc> - IdV) + - e^{^ - lb') - Icq 



^''We have implicitly assumed that the two-forms C2 and B2 remain massless in four dimensions and they can 
be Hodge dualized to scalars which we have denoted h\ and /12 respectively. 
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- I F5A*F5 = +-lmM'' {^G-MFj A*[G-MFj (3.75) 
-lCgij{dD\ - A C2 - c'dB2) A *{dD{ - db> A C2 - c^dSa) 



16/C 



- - / i4 A A (iCa = --ICijkDi A d?^' A dc'^ - {dB2 A dc^ + db' A dCa) , 
2 _/ 2 2 

+^eiy° A (c*d52 - b'dC2) - ^eoV° A dC2 . 

In order to write the above formulae we have defined kq = (im A^^^)*^*^. In the gravitational 
sector, beyond the usual part containing the kinetic terms for the moduli of Y there will be a 
further contribution coming entirely from the internal manifold which is due to the fact that Y 
is not Ricci-fiat and which will generate a piece of potential in four dimensions. The Ricci scalar 
for half-flat manifolds was computed in appendix El and here we will just record the effective 
potential generated in this way 

V, = -^^"^^^^J9'^ . (3.76) 

At this point we have to impose the self-duality condition for F5 which translates into the 
following constraints on the four dimensional flelds 

dDi - db' AC2- c'dB2 = -^g'^ * (Dp, - IC.jkC^db'') , 

*Ga = ReMAC * -IuiMacF'^' , (3.77) 
with Dpi and Ga defined in H3.74|) . By adding the following total derivative term to the action 

Ad = +^dD'2Adp^ + ^F^ AGa 

= +yDiADpi + ^F^ AGA-^{e^b' + eo)F^ AC2 (3.78) 

the constraints ()3.77|) can be found upon variation with respect to and Ga respectively. This 
allows us to eliminate the flelds dD2 and Ga using their equations of motion and consequently 
the effective action obtained in this way describes the correct dynamics for the remaining fields 
which now do not have to satisfy any further constraint. 

After the dualization of the 2-forms C2 and B2 to the scalars hi and /12 one obtains the 
effective action for type IIB supergravity compactified to four dimensions on a half-flat manifold 

S[% = j -^R*l- gabdz" A *dz^ - gijdf A *dP - # A *d(j) 
"8^^"''' (^A - ICikic'^db') A * (Dp, - /C,„„c"^d6") 

-21Ce^^g,j {dd - IdV) A * {dci - IdV) - ^ICe'^'^dl A *dl (3.79) 

(d/ii - b'Dp, + 60^°) A * {dhi - VDpj + eoV^) - e^'^'Dh A *Dh 
+]^ReMABF^ AF^ + hiaMAsF^ A *F^ - Vub * 1 , 



where 



Dh = dh2 + Idhi + (c* - W)Dpi + /eoF° - -Idjkc' db^ . (3.80) 
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Performing the field redefinitions [17] 



2/i2 + Ihi + p^{c' - lb') , e° = ^ C = lh' -c\ (3.81) 
f ^ICijkb^b'' - ICijkVc^ , = -hi - ^JCijkb'Vb'' + ^Idjkb'b^c'' , 



the metric for the hyperscalars takes the standard quaternionic form of [22] which is now exactly 
the mirror image of ()C.12() with the gauge coupling matrices M and Ai exchanged as prescribed 
by the mirror map. Introducing the collective notation = {4>,a,^^ we can write the final 
form of the four dimensional action 



S 



IIA 



- - gabdz" A *dz'' - KvDq'' A ^Dq" - VjiB * 1 

+^ Im MabF^ a + ^ Re MabF^ A F^ 



(3.82) 



where the scalar potential has the form 



VuB = ^e^'^eiej {imM-'Y' - ^e^Hei^f- (3.83) 
The non-trivial covariant derivatives are 

Dii = dii - eiV'^ ; Da = da + eiV°^^ , (3.84) 

while all the other fields remain neutral. 

This ends the derivation of the effective action of type IIB theory compactified to four 
dimensions on half-flat manifolds. One can immediately notice that the gaugings (|3.84)) are 
precisely the same as in the case of type IIA theory ()C.6|) and ()C.9|) when all the magnetic fluxes 

are set to zero. It is not difficult to see that in this case also the potentials (|3.83|) and ()C.11|) 
coincide. For this one should just note that under mirror symmetry kq = (Im A^^^)^'' is mapped 
to —j^, being the volume of the Calabi-Yau manifold on which type IIA is compactifled. 



3.5 Conclusions 

In this chapter we proposed that type IIB (respectively IIA) compactified on a Calabi-Yau 
threefold Y with electric NS three-form fiux is mirror symmetric to type IIA (respectively IIB) 
compactified on a half-flat manifold Y with SU (3) structure. The manifold Y is neither complex 
nor is it Ricci-fiat. Nonetheless, though topologically distinct, it is closely related to the ordinary 
Calabi-Yau mirror partner Y of the original threefold Y . In particular, we argued that the 
moduli space of half-flat metrics on Y must be the same as the moduli space of Calabi-Yau 
metrics on Y . Furthermore, it is the topology of Y that encodes the even-dimensional NS-flux 
mirror to the original i/a-flux on Y . 

We further strengthened this proposal by deriving the low-energy type IIA (IIB) effective 
action in the supergravity limit and showing that it is exactly equivalent to the appropriate 
type IIB (IIA) effective action. In particular, the resulting potential delicately depends on the 
non- vanishing Ricci scalar of the half-flat geometry and thus provided a highly non-trivial check 
on our proposal. 

It is interesting to note that one particular NS fiux cq played a special role in that it did not 
arise from the half-flat geometry but appeared NS three-form flux G H^^^^\Y). In this 
context, it appears that mirror symmetry only acts on the 'interior' of the Hodge diamond in 
that it exchanges ^ i?^^'^) but leaves H'-^'^^ © and © untouched. Put 

another way, it appears that it is the same single NS electric fiux which is associated to both 
^(3,0) ^ ^(0,3) jj{3,3) ^ ^(0,0) ^ gi^g^ Calabi-Yau manifold. 

We found that requirements of mirror symmetry provided a number of conjectures about the 
geometry of the half-fiat manifold Y. For instance the cohomology groups of Y shrink compared 
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to those of Y in that the Hodge numbers h^^'^^ and h^^'"^^ are reduced by one. In addition, a 
non-standard KK reduction had to be performed in order to obtain masses for some of the scalar 
fields. This in turn led us to make a number of assumptions which need to be better understood 
from a mathematical point of view. One particular conjecture is the following. In general, the 
electric NS H^-Rnx maps under mirror symmetry to some element (" G H'^{Y). Mirror symmetry 
would appear to imply that 

for all integer fluxes ( £ H^{Y) there should be a unique manifold 1^ admitting a 
family of half-flat metrics such that the moduli space of such metrics A^(y^) is equal 
to the moduli space M.(Y) of Calabi-Yau metrics on Y. 

We note that it should be possible to determine this moduli space of half-flat geometries di- 
rectly from its definition and without relying on the physical relation with Calabi-Yau threefold 
compactification.^^ Moreover, a more precise mathematical statement about the relationship 
between a given Calabi-Yau threefold Y and its 'cousin' half-flat geometry on Y should also be 
possible. 

Finally, our analysis only treated electric NS fluxes. The discussion of the magnetic ones 
is technically more involved. Indeed, when type IIB is compactified on a Calabi-Yau manifold 
with magnetic NS form fluxes, a massive RR two- form appears which has no obvious counterpart 
on the type IIA side. In the second approach where type IIA is compactified on a Calabi-Yau 
manifold with magnetic NS three-form fluxes, no massive forms are present. Thus, it appears 
that in this picture it would be easier to look for the magnetic fluxes. However, in this case we 
encounter an other puzzle. Recall that when type IIA is compactified on a Calabi-Yau 3-fold 
with NS electric and magnetic fluxes ()C.6|) . all the scalars and are gauged, with respect 
to the same vector A^. The corresponding vector in type IIB is which only appears in the 
expansion of the self-dual field strength F^. With a quick look at the action 1)2. 58() one can 
immediately see that the scalars that are / and Ib^ — c*, whose kinetic term do not involve 
any A4 or F5, have no reason to be gauged under V^. Thus it appears that some additional 
important ingredient still has to be found in order to reconcile electric and magnetic fluxes. 

Nevertheless, we think that a few lines can be drawn. Recall that in the definition of the NS 
fluxes 

H3 ~ m^a^ - caP^, (3.1) 

the electric and magnetic fluxes are treated on the same footing; they are coefficients of an 
expansion on a basis {a a , /3^) of harmonic forms on H^. In type IIB, when only electric fluxes 
are turned on, the spectrum contains the usual massless RR 2-form C2. However, when only 
magnetic fluxes are present, C2 becomes massive, with a mass proportional to the fluxes ()C.26|) . 
Since the notion of "electric" or "magnetic" is just a matter of choice of basis, how is it possible 
that magnetic and electric fluxes lead to so different results? Actually the difference only lies 
in the way one distributes the degrees of freedom. In [7], it was showed in a similar situation^^ 
that the massive 2-form is dual to a scalar and a massive vector. The scalar has the exact same 
couplings as would have the dual of the massless 2-form, and with the emergence of the extra 
vector comes a symmetry which allows to eliminate one vector. Thus the number of physical 
degrees of freedom is indeed unchanged. Following this idea, on can note that C2 becomes 
massive when magnetic fluxes are present only because, in the process of discarding half of the 
fields due to self-duality of F5, the independent vectors in the expansion of A4 are chosen to 
be the V^. If one chooses instead to keep the Ua, then C2 is no longer massive, and one can 
check that the magnetic fluxes are mapped correctly, provided the rules for mapping are slightly 
modified. 



^*In this respect a generalization of ref. [65] might be useful. 

^^The massive form was the NS 2-form B2 and the fluxes were coming from the RR sector, but the results can 
be easily extended to our case. 
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The problem arises when both kinds of fluxes are turned on. If one keeps V , then C2 acquires 
a mass proportional to m^, but if one keeps Ua, C2 is also massive with a mass proportional to 
CA- This means that the obstruction to having both fluxes at the same time seems to be related 
to a matter of dualization. Since the electric fluxes parameterize the failure of fi^ to be closed 
(|H.28|) . the magnetic fluxes may naturally be involved in its failure to be co-closed. One may 
then want to impose 

d^n+ = m'uJi. (3.2) 

Recall that and ^l" are related by ~ $7^. This would suggest that magnetic fluxes 
require a further generalization of the half-flat geometry allowing the possibility dQ^ ^ 0. 
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Chapter 4 



Equations of motion for 
Nicolai-Townsend multiplet 

4.1 Introduction 

The action for = 4 supergravity theory containing an antisymmetric tensor was first given 
by Nicolai and Townsend [12] already in the early eighties. It was derived from the Lagrangian 
of [66] after a standard dualization of the pseudo-scalar. These theories are best understood as 
coming from compactification of = 1 d = 10 pure supergravity on a six-dimensional torus 
[11]. A consistent truncation of type IIA supergravity in 10 dimensions is realized by turning 
off the RR fields Ai and C3 in the bosonic sector, and by keeping only half of the fermions, one 
gravitino and one dilatino [11,67]. The resulting action describes the dynamics of the N = 1 
gravity multiplet, composed of the metric Qmn, the dilaton (f) and the antisymmetric NS tensor 
Bmn as bosonic fields, one gravitino and one dilatino as fermionic fields. With a simple counting 
of the bosonic degrees of freedom, one can deduce how the reduced fields arrange in A' = 4 
multiplets. The reduction of the metric leads to the metric in 4 dimensions g^y, 6 vectors A^m 
and 21 scalars Amn- The antisymmetric tensor gives one antisymmetric tensor B^^y, 6 vectors 
Bfj_jn and 15 scalars B^m- In 4 dimensions, the A^ = 4 gravity multiplet contains the metric, 6 
vectors, one scalar and one pseudo-scalar dual to an antisymmetric tensor. Substracting these 
degrees of freedom from the full spectrum, one is left with 6 vectors and 36 scalars, which lie in 
6 vector multiplets^. 

More precisely, apart from the metric, the fields belonging to the gravity multiplet are 
the following : 6 vectors (graviphotons) v^^, u = 1..6, corresponding to a particular linear 
combination^ of A^ra and S^m, the antisymmetric tensor and the dilaton. The superspace 
formulation of this nuiltiplct, which we call the N-T multiplet in the following, encountered 
a number of problems identified in [68] and overcome in [69] by introducing external Chcrn- 
Simons forms for the graviphotons. Recently, a concise geometric formulation was given for this 
supergravity theory in central charge superspace [13]. 

The geometric approach adopted and described in detail in [13] was based on the superspace 
soldering mechanism involving gravity and 2-form geometries in central charge superspace [70]. 
This soldering procedure allowed to identify various gauge component fields of the one and 
the same multiplet in two distinct geometric structures: graviton, gravitini and graviphotons 
in the gravity sector and the antisymmetric tensor in the 2-form sector. Supersymmetry and 
central charge transformations of the component fields were deduced using the fact that in the 
geometric approach these transformations are identified on the same footing with general space- 
time coordinate transformations as superspace diffeomorphisms on the central charge superspace. 
Moreover, the presence of graviphoton Chern-Simons forms in the theory was interpreted as an 

A'^ = 4 vector multiplet contains one vector and 6 scalars as bosonic fields. 

^Tho other independent linear combination of the vectors Afj,m and corresponds to the vectors, which, 

together with the 36 scalars Qmn and Bmn, form the 6 vector multiplets. 
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intrinsic property of central charge superspace and a consequence of the superspace soldering 
mechanism. 

The aim of the present work is to emphasize that the geometric description in [13] is on-shell, 
that is the constraints used to identify the component fields of the N-T supergravity multiplet 
imply also the equations of motion for these fields. Therefore, we begin with recalling briefly 
the basics of extended supergravity in superspace formalism. Then we identify the component 
fields [13] and specify the constraints we use. In section 3, we derive the equations of motion 
directly from constraints and Bianchi identities, without any knowledge about a Lagrangian. 
Finally, we compare these equations of motion with those found from the component Lagrangian 
given in the original article by Nicolai and Townsend [12]. 



4.2 Extended supergravities in superspace 

In this section we briefly describe the geometry of extended superspace. We only give the 
notions that will be relevant to the remainder of this chapter. Very detailed accounts of super- 
space formalism can be found for example in [71] [72] for = 1, and in [73] [74] for extended 
supergravities. We use the exact same conventions as in [72,73]. The superspace is made of 
the space-time coordinates x™", with additional fermionic coordinates 6", 9^ and bosonic central 
charges coordinates z", where the index a counts the number of supercharges and u the number 
of central charges. As usual, we define the vielbein one-form 

E^ = dz^EM^ (4.1) 

where z"^ = {x"^,9",0^,z^) is the generalized coordinate on the superspace. The generic 
structure group is SL{2,C) x U{N), with connection ^a^- The covariant derivatives act on 
tensor fields in the following way 

Du-^ = du^ + u^<^B-^ (4.2) 

DvA = d^^-(-)degMcI>_4^5^;g (4.3) 

and lead to the algebra 

{Dc,Db)u-^ = -TcB^ Dru-^ + RcBr^u^ (4.4) 

{Dc,Db)va = -TcB^D^VA-RcBA^v^ (4.5) 
where the torsion and the Riemann tensor are 



T^ = dE-^ + E^^B-^ (4.6) 

Ra'^ = d'^A'^ + ^A^'^c'^- (4.7) 
These tensors are subject to consistency conditions expressed by the Bianchi Identities 

DT-^ = E^Rb^ (4.8) 

DRb-^ = 0. (4.9) 



In the case of the superspace without central charges. Dragon's theorem [75] states that using 
(|4.8|) . one can express all the components of the Riemann tensor in terms of the components 
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of the torsion. Moreover, once 1)4. ^|) is solved, (|4.9|) is identically satisfied. Under very mild 
assumptions [73] [74], this theorem can be extended to the superspace with central charges. 
This is why in our case we will only consider (|4.8jl . In components it reads 

{vcB'^)rp ■ E^ E'^ E^ (Vx>Tcb'^ + Txic'^^TjrQ-^ — RxicB'^) = 0. (4-10) 
4.3 Identification of the fields 

In this section we recall the essential results of [13] concerning the identification of the com- 
ponents of the N-T multiplet. Recall that in geometrical formulation of supergravity theories 
the basic dynamic variables are chosen to be the vielbein and the connection. Considering cen- 
tral charge superspace this framework provides a unified geometric identification of graviton, 
gravitini and graviphotons in the frame E-^ = {E"^ , E"^, E^, E^) . 

i^'^ll = E2\\ = ldx^^^J^'i , E^W = ldx>'^P^^, = , (4.11) 

while the antisymmetric tensor can be identified in a superspace 2-form B: 

B\\ = ^dx^'dx^'K^. (4.12) 

The remaining component fields, a real scalar and 4 helicity 1/2 fields, are identified in the 
supersymmetry transforms of the vielbein and 2-form, that is in torsion (T-^ = DE-^) and 
3-form (H = dB) components. The Bianchi identities satisfied by these objects are 

DT^ = E^Rb^, dH = 0, (4.13) 

and, displaying the 4-form coefficients, 

{vcba)h ■■ E^E'^Ef^E'^ {2VvHcBA + ^Tvc^HrBA)=^- (4.14) 

By putting constraints on torsion and 3-form we have to solve two problems at the same 
time: first, we have to reduce the huge number of superfluous independent fields contained in 
these geometrical objects, and second, we have to make sure that the antisymmetric tensor takes 
part of the same multiplet as e^", V'/^a) V'a*^' ^m" (soldering mechanism). 

Indeed, the biggest problem in finding a geometrical description of an off-shell supersym- 
metric theory is to find suitable covariant constraints which do reduce this number but do not 
imply equations of motion for the remaining fields. There are several approaches to this ques- 
tion. One of them is based on conventional constraints, which resume to suitable redefinitions 
of the vielbein and connection and which do not imply equations of motion [76]. However, such 
redefinitions leave intact torsion components with canonical dimension and there is no general 
recipes to indicate how these torsion components have to be constrained. A simpler manner of 
constraining dimensional torsion components together with conventional constraints give rise 
to the so-called natural constraints, which were analyzed in a systematic way both in ordinary 
extended superspace [77] and in central charge superspace [73]. 

The geometrical description of the N-T multiplet is based on a set of natural constraints 
in central charge superspace with structure group SL{2,C) U{4). The generalizations of the 
canonical dimension "trivial constraints" [77] to central charge superspace are 

T^^'^ = , T^^ = -2z5^((7"6)/ , Tit = , (4.15) 
r^^" = e^^rt^^l" , Tf,^ = , Tit = e^^r[cB]" . (4.16) 
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As explained in detail in the article [13], the soldering is achieved by requiring some anal- 
ogous, "mirror" -constraints for the 2-form sector. Besides the -1/2 dimensional constraints 

H^pa = H^Ta = Hf^i = HZii = 0, we impose 

H'^'.a = , H'^ia = -2i5^(cT,e)/L , Hiia = , (4.17) 



-f^/3au — ^l3aH^^^^ , H^bu — , Hbau — e^"-f^u[BA] i (4-18) 

with L a real superfield. The physical scalar cj) of the multiplet, called also graviscalar, is 
identified in this superfield, parameterized as L = e^"^. In turn, the helicity 1/2 fields, called also 
gravigini fields, are identified as usual [78], [79], [68] in the 1/2-dimensional torsion component 

The scalar, the four helicity 1/2 fields, together with the gauge-fields defined in (|4.11l) and 
(|4.12() constitute the N-T on-shell = 4 supergravity multiplet. However, the dimensional 
natural constraints listed above are not sufficient to insure that these are the only fields trans- 
forming into each-other by supergravity transformations. The elimination of a big number of 
superfluous fields is achieved by assuming the constraints 

I?°"T[cBA]a = 0, P^^.tI'^^^I" = 0, (4.20) 

and 

T^B-^ = 0, (4.21) 

as well as all possible compatible conventional constraints^ [77], [73]. 

It is worthwhile to note that even at this stage the assumptions are not sufficient to constrain 
the geometry to the N-T multiplet. This setup allows to give a geometrical description at least of 
the coupling of A^ = 4 supergravity with antisymmetric tensor to six copies of A^ = 4 Yang- Mills 
multiplets [11]. Nevertheless, they are strong enough to put the underlying multiplet on-shell. 
In order to see this, one can easily verify that the dimension 1 Bianchi identities (dciIa)™ ^^'^ 



T 



si 13 A 

DCBq 



for the torsion as well as their complex conjugates imply 

T 



-t-)DT^ ^XOEF/^ -T-)5 ^^^CBAla ■ xCBAr~i(Sa)\EF] 

^5^lCBA]a - -«'JcBA'-^(<5a)[EFl , '^'d-' - -^(>def'^ 1 

(4.22) 

r)^Tr , — P K , ■r)Drn[CBA]a _ p a[DCBA] 

^d-^[cba]o — [dcba] ) ^<5 ^ — -T^ ) 

with G and P a priori some arbitrary superfields. Let us write one of the last relations as 

5^^ir[cBA]a = 0, (4.23) 

DC 

take its spinorial derivative "D^ 

Y,{{T^s,T^i}T[cBA]a-'Di{V^T[aBA]a)) = 0, (4.24) 

DC 

and observe that the antisymmetric part of this relation in the indices e and a gives rise to Dirac 
equation for the helicity 1/2 fields, that is d^'^T^Q^j^]^ = in the linear approach. 

It turns out, that there is a simple solution of both the Bianchi identities of the torsion and 
3-form, which satisfies the above mentioned constraints and reproduce the N-T multiplet. The 
non-zero torsion and 3-form components for this solution are listed in the appendix, we will 



■^see equations l|F.l|l in the appendix 
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concentrate here on its properties which are essential for the identification of the multiplet and 
the derivation of the equations of motion for the component fields. 

Recall that the particularity of this solution is based on the identification of the scalar 
superfield (p in the dimensional torsion and 3-form components containing a central charge 
index 

2^[BA]u ^ 4e</'t[^A]u^ j,^^^u ^ 4e<^t[BA]", (4.25) 

i/uM = 4e*f)u[^^l , ^u[BA] = 4e<^f)u[BA] , (4.26) 
with t^^^^l", t[cB]", flu^^^^ ^u[ba] constant matrix elements satisfying the self-duality relations 

rfDClu _ Q -DCBAr U r, [bA] _ 1 u ^DCBA „,;+V, ^ U1 (A 07^ 

J - -e t[BA] , W - 2'^u[dc]^ ^^^^ q-±l. (4.27j 

Note, that these relations look similar to some of the properties of the 6 real, antisymmetric 
4x4 matrices a", /J", (n = 1, 2, 3) of SU (2) ® SU (2) [66], [80], which appear in the component 
formulation of = 4 supergravity theories. Indeed, if we define the matrices 

/ i[DC]u \ 

t= : u h f) = ( t)u[Dc] t)ul°^] ) and (4.28) 



/ n 9pDCBA \ / i/;DC fl \ 

then the properties of the matrix elements tl^^^l", t[cB]") flu'^^^ ^)u[ba] can be resumed in a 
compact way as follows: 

St = t, \)T. = (4.30) 



tf) = 1 + ([it)u" = 251. (4.31) 

Recall, however that we didn't fix a priori the number of the central charge coordinates in the 
superspace. The interesting feature of the above properties is that taking the trace of relations 
in (|4.3H1 one finds 5" = 6, that is the number of central charge indices - and thus, the number 
of the vector gauge-fields - is determined to be 6. 

These matrices serve as converters between the central charge basis (indices u) and the S'C/(4) 
basis in the antisymmetric representation (indices [dc]). In particular, for the 6 vector gauge 
fields of the N-T multiplet there is an alternative basis, called the SU (4) basis, defined by 

( ^Mdc] ) = ^m" ( f)u[Dc] [)u[°^] ) , (4.32) 

where the two components are connected by the self-duality relations 

T/ [dcI 'i ^DCBAta (a qoN 

2 ^>[ba]- (4.33) 

Moreover, if we look at self-duality properties (|4.27j) as the lifting and lowering of 5*^7(4) 

indices with metric Iedcba, then a corresponding metric in the central charge basis can be 
defined by 

n —If h h [^^1 n"^" — -r i[Dc]v,[BA]u M 34^1 

Svu — 2 ^DCBA riv 9u ) 2 ' \^-^^) 

satisfying 

fluwg"'" = SI . (4.35) 

These are the objects which are found to connect torsion and 3-form components containing at 
least one central charge index 



HvCu = T-DC^Qzu, T-DC^ = Hx)CzQ' 



(4.36) 
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insuring the soldering of the two geometries. 

The four hehcity 1/2 fields T^cBA]aj 2^[cBA]a ^^^j-j^ q^|^ i-,g equivalent to the fermionic partner 
of the graviscalar </> 

=2V^(^, ~Xi =2Pf0, (4.37) 

since the following duality relation holds in this = 4 case: 

T[aBA]a = qecBAAl tI^^^I" = ge^«^-A^ (4.38) 

It is the soldering mechanism between the geometry of supergravity and the geometry of the 
2-form, that determines how the superfields G and P in the spinorial derivatives of this helicity 
1/2 fields (|4.22|) are related to the component fields of the multiplet. In particular, we find that 
the superfields G are related to the covariant field strength of the graviphotons -F;,a" 

%a)[BA] = -2ie-<^F(^,)"{)u[BA] , = -2ie-*F(^")"f)J«^l , (4.39) 

whereas the superfields P contain the dual field strength of the antisymmetric tensor and the 
derivative of the scalar: 

pD^[cBA]a ^ ge^cBAp^a^ ^-^^ ^ 2zP,0 + e-2'^F:-^AV„AA, (4.40) 

'^uT[cBA]5 = qeucBAps'', with Pa = 2iPa</. - e-^-^/^: + ^A^A^ , (4.41) 

where we can note that the relations 

Pa + Pa = 4iVa^, Pa - Pa = 2e-^^ H*^ - h^aa^A (4.42) 

allow to separate the dual field strength of the antisymmetric tensor and the derivative of the 
scalar (as " real" and " imaginary" part of P) . 

Finally, let us precise that the representation of the structure group in the central charge 
sector is trivial, <^u^ = 0, while the C/(4) part of the SL{2, C) U{4) connection 

= Sl^p'^ + d^^^ = <5>^^-.5fc^% (4.43) 

is determined to be 

^\ = a\ + x\, (4.44) 
with a^A pure gauge and x^a a super covariant 1-form on the superspace with components 

Xc\ = ^5^(ie-2^//:-^AV,Ap) -^(AVAa), 

= \dlX^^, xZ\ = -1^1X1, xu\ = 0. (4.45) 

This situation is analogous to the case of the 16+16 = 1 supergravity multiplet which is 
obtained from the reducible 20+20 multiplet, described on superspace with structure group 
5L(2, C) (8) ?7(1), by "breaking" the U{1) symmetry [81]. By eliminating this C/(4) part from the 
SL{2, C) U{4:) connection and putting the pure gauge part a to zero, one can define covariant 
derivatives for SL{2,C) 

bu-^ = Du-^-XB-^u^ bu_A = Du_A + XA^UB (4.46) 

used in the articles [13] and [12]. Here of course XB'^ is defined in such a way that its only 

non-zero components are X/ja = ^pX^A and Xb^ = ~^^X^b- Recall that this redefinition of the 
connection affects torsion and curvature components in the following way: 

fcB-^ = TcB^-XCB^ + i-r'xBC^, (4.47) 
Rvc'^A = 0. (4.48) 

In the next section we derive the equations of motion for all the component fields of the N-T 
multiplet using its geometrical description presented above. 
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4.4 Equations of motion in terms of supercovariant quantities 

The problem of the derivation of field equations of motion without the knowledge of a La- 

grangian, using considerations on representations of the symmetry group, was considered a long 
time ago [82], [83]. The question is particularly interesting for supersymmetric theories and 
there are various approaches which have been developed. Let us mention for example the pro- 
cedure based on projection operators selecting irreducible representations out of superfield with 
arbitrary external spin [84] . About the same period Wess and Zumino suggested the use of differ- 
ential geometry in supcrspacc to reach better understanding of supersymmetric Yang-Mills and 
supergravity theories. The techniques used in this approach allowed to work out a new method 
for deriving equations of motion, namely looking at consequences of covariant constraints, which 
correspond to on-shell field content of a representation of the supersymmetry algebra. 

In order to illustrate the method let us recall as briefly as possible the simplest example, 
the N = 1 Yang-Mills theory described on superspace considering the geometry of a Lie algebra 
valued 1-form A [85], [72]. Under a gauge transformation, parameterized by g, the gauge 
potential transforms as ^ ^ g~^Ag — g~^dg and its field strength = dA + AA satisfies the 
Bianchi identity DJ^ = 0. In order to describe the on-shell multiplet one constrains the geometry 
by putting = = = 0. Then the Bianchi identities are satisfied if and only if all 
the components of the field strength T can be expressed in terms of two spinor superfields Wq, 
VV° and their spinor derivatives: 



•^/3a = «(o-a>V)/3 , 

and the gaugino superfields Wq, VV" satisfy 

PaW" = 0, 



= -ii^a^^^f , (4.49) 
P">Va = 0, (4.51) 



p«W„ = V^W". (4.52) 

The components of the multiplet are thus identified as follows: the vector gauge field in the 
super 1-form ^|| = idx'^'^am, the gaugino component field as lowest component of the gaugino 
superfield Wa\ = —i^a, VV°| = 'iA", and the auxiliary field in their derivatives V^Wal ~ 
VaW"\ = -2D. 

Note that the supplementary constraint 

V'Wa = T>aW^ = (4.53) 

puts this multiplet on-shell. It is a superfield equation and contains all the component field 
equations of motion. First of all it eliminates the auxiliary field D and we can derive the 
equations of motion for the remaining fields by successively differentiating it. We obtain the 
Dirac equation for the gaugino 

p"(p«>V„) = -2W'^^Wa = 0, (4.54) 

V^{Va,W^) = -2iVaa)^^ = 0, (4.55) 
and from this we derive the relations 

2^/3(2^"">Va) = -2P°°.;^(^,) + 2z{W;j,W«} = 0, (4.56) 

2?^^ (2?ad>V") = 2VaaJ^^f^^^ -2i{Wf^,Wa} = 0, (4.57) 
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which correspond to the well-known Bianchi identities ^q,^-^^^"^ — '^^"^(fSa) — equations 
of motion + I^^"J^(/3„) = 2i{Wa,W'^} for the vector gauge field. 

The case of supergravity is similar to this, the gravigino superfields T^cBA]a^ j-IcBAja ^^j. ^a^ 
A° in ()4.38|) ) play an analogous role to the gaugino superfields Wq,, >V". In order to derive the 
free equations of motion of component fields in a supergravity theory it is sufficient to consider 
only the linearized version [86], [87], [79] and the calculations are simple. Considering the full 
theory one obtains all the nonlinear terms which arise in equations of motion derived from a 
Lagrangian in component formalism. 

Recall that the dimension 1 Bianchi identities in the supergravity sector imply the relations 
H4.22() for the spinor derivatives of the gravigino superfields. These properties can be written 
equivalently as 

^°"T[cBA]a = 0, pDdTlcs^l" = 0, (4.58) 

T)nrp , _ iXDEF-TjGT^ _ n 7-)(5™)[CBA] _ 1 rCBAr)('5™)[GEF] _ n 

^(5-fa)[CBA] 4"CBA-'-^(5-^ a)[GEF] — U, I^d ^ ^O^^pJ^Ql — U, 

and they are the = 4 analogues of the relations (|4.51j) and (|4.53|) satisfied by the gaugino 
superfield corresponding to the on-shell Yang- Mills multiplet. 

Therefore, by analogy to the Yang-Mills case, the equations of motion for the gravigini, 
the graviphoton, the scalar and the antisymmetric tensor can be deduced from the superfield 
relations (|4.22|) by taking successive covariant spinorial derivatives. Let us take the example of 
Dirac's equation, to clarify ideas. We start from (|4.24|) . The anticommutator can be expressed 
using and 



{Vf,Vi}T[, 



Tf^fVfT 



[CBA]a 



R. 



E(5 firp 

eT)a ^ [cba]/3 



(4.59) 



where we have used the results displayed in the appendix ^ for the torsion and curvature 
components, which make it possible to evaluate this expression explicitly. When we take the 
antisymmetric part in (a , e), the second term in (|4.24|) drops out because of the symmetry of 
G[Sa)[w] ill l|4.22|) . Summing on d and e, we obtain (|4.65|1 below. 

Consider now all possible spinorial derivatives of relations H4.22() . They are satisfied if and 
only if in addition to the dimension 1 results the following relations hold: 
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(4.60) 
(4.61) 



X)CQ{$a)[BA] 
^C^{/3a)[BA] 



J)^Wxa)[CBA] 

^(/3'^^q)[cba] ■ 



TTCiarpl3)[FBA] 
•^(5 F 



TTB{arp$)[FAC] 
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^(aC^/3)[FBA] + f^(aB^/3)[FAC] + f^{ai^/3)[FCB] 



(4.62) 
(4.63) 
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"J TTFarplCBA] 
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2^aP-^ [cba] 



(4.64) 
(4.65) 



with [/, 



^Ba I ( \ B \a 1 XB \F \a\ 

I3A — il^/J-^A ~ 2"a^/3^fJ- 
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Equations of motion for the helicity 1/2 fields. 

Note first, that all these relations are implied also by Bianchi identities at dim 3/2. Secondly, 
note that the last equations, (|4.64l) and H4.65() . are the Dirac equations for the spin 1/2 fields, 
which may be written in terms of the fields A in the following way: 

P^^A^ = ie-2<^//;^A° + |(AAAp)A^, (4.66) 

8 

a. Consider the spinorial derivative of the Dirac equation (|4.64|) . The derived identity is 
satisfied if and only if in addition to the results obtained till dimension 3/2 the following 
relations take place: 

'DaaP'^" - i {e-^^Ko. + ^A^A^p) + |e,eBAG(^'^)[°^]G(^ = (4.68) 
[T^Po.Pof' - i {e-^^H*^a + A^A^f) Pa''] = 0. (4.69) 

Pa 

h. Consider the spinorial derivative PJ^ of ()4.65|) . The identity is satisfied if and only if in 
addition to the results obtained till dimension 3/2 the following relations take place: 

'DaaP''^ + i [e-^'^K^ + \\l\a.^ P^" + |e°"^"G(^,)[„e] G^^") = (4.70) 

/3a 

+ i (e-^<t>H*'^f^ + A^"A^^) = 0. (4.71) 



Equations of motion for the scalar. 

Using properties (|4.42() the equations of motion for the scalar can be deduced from the sum 
of the relations (|i?68|) and (|i?7n|) : 

-^(A«A^)(AbAa) - ^e-^-^Ffc^eAli^'"'"^] . (4.72) 

This equation already shows that in the Lagrangian corresponding to these equations of motion 
the kinetic terms of the antisymmetric tensor and of the graviphotons are accompanied by 
exponentials in the scalar field. 

By the way, the difference of relations 1)4. 68() and 1)4. 7U() looks as 

VaH*'^ = le2^(AVAjP> + ^F*''«[«^lF,,[B^], (4.73) 

and it corresponds of course to the Bianchi identity satisfied by the antisymmetric tensor gauge 
field. The topological term -F*^'*'^^'i*ba[BA] is an indication of the intrinsic presence of Chern- 
Simons forms in the geometry. This feature is analogous to the case of the off-shell N = 2 
minimal supergravity multiplet containing an antisymmetric tensor [70]. It arises naturally in 
extended supergravity using the soldering mechanism with the geometry of a 2-form in central 
charge superspace. 

Equations of motion for the antisymmetric tensor. 
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Note that relations (|4.69|) and (|4.71jl are the selfdual and respectively the anti-selfdual part 
of the equation of motion for the antisymmetric tensor. Putting these relations together, we 
obtain the equation of motion for the antisymmetric tensor: 



b TT*a 



(4.74) 



Consider the spinorial derivative T>^ of the Dirac equation (|4.64|) and the spinorial derivative 
T)^ of ()4.65|) . The identities obtained this way are satisfied if and only if in addition to the 
results obtained till dimension 3/2 the following relations hold: 



4ip3«G'(^°)[^^l = qe 



((5a) [b a] 



^U^Api - G(^")[^^U^Ap<i 



+G'(5o)[bf]A^"Aa + G(5a)[pA]A^"AB. 



(4.75) 



(4.76) 



Equations of motion for the graviphotons. 

Recall that the geometric soldering mechanism between supergravity and the geometry of the 
3- form implies that the fields G(^„)[ba] ^"^^ q(P°'){^'^\ are related to the covariant field strength 
of the graviphotons, F", by (|4.39j) . Then the previous lemma determines both the equations of 
motion and the Bianchi identities satisfied by the vector gauge fields of the multiplet: 
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dc -a \ B\ 



(4.77) 



(4.78) 



Further differentiating 1)4. 75() and 1)4. 76() one can obtain Bianchi identities for the gravitini 
and graviton, but here we would like to derive their equations of motion instead. 



Equations of motion for the gravitini. 

Unlike the equations of motion presented above, the equations of motion for the gravitini 
and the graviton are directly given by the superspace Bianchi identities, once the component 
fields are identified. For example, the Bianchi identities at dim 3/2 determinate the torsion 
components 
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(4.79) 
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and these components are sufficient to give the equations of motion for the gravitini: 



^dcba I - \a -dc\aTZ) i / -ha -d \ F \ <i 171 ~4> 



(4.81) 



^dcba(„ rp A\ 



(4.82) 



Equations of motion for the graviton. 

In order to give the equations of motion for the graviton we need the expression of the 
supercovariant Ricci tensor, R^i, = Rdcba'n'^"', which is given by the superspace Bianchi identities 
at canonical dimension 2 ()F.5|) . The corresponding Ricci scalar, R = RdbV'^^, is then 



R = -2V''<t^Va(t^ - lH*''H\e-^'t> + ^e-^'f>H*-{X^aaX^) + |(A«A^)(AbAa). 
2 4 o 

The knowledge of these ingredients allows us to write down the Einstein equation 



(4.83) 
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'd -'-'6 



-VdbH*''H\ 
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-^^[X^adVbXp - (VbX^adX, 



db 



-(AVdAp) (X^abX^) + %b(A«A^)(ABA, 



--6-2-^ [H*a{X^abX^) - ^7]dbH*\X^aaX, 



(4.84) 



where one may recognize on the right-hand-side the usual terms of the energy-momentum tensor 
corresponding to matter fields: scalar fields, antisymmetric tensor, photon fields and spinor fields 
respectively. As it will be shown by (|4.96j) . the contribution of the gravitini is hidden in R^b- 



4.5 Equations of motion in terms of component fields 

In the previous section we calculated the equations of motion for all component fields of the N- 
T multiplet (graviton gravitini (|OT1) . graviphotons (|^T7|) . 1/2-spin fields (jJ^Hl), 

H4.67() . scalar (|4.72|) and the antisymmetric tensor (|4.74|) ') in terms of supercovariant objects, 
which have only flat (Lorentz) indices. In order to write these equations of motion in terms 
of component fields, one passes to curved (Einstein) indices by the standard way [71] . General 
formulae are easily written using the notation E-^\\ = e-^ = dx^'e/- [72]. 

4.5.1 Supercovariant— ^component toolkit 

Recall that the graviton, gravitini and graviphotons are identified in the super-vielbein. Thus, 
their field strengths can be found in their covariant counterparts using 

T-^ll = idx^dx^ (P,e/ - P^e/) = ie^e'^TcB-^l. (4.85) 
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For A = a one finds the relation 



(4.86) 



which determinates the Lorentz connection in terms of the vierbein, its derivatives and gravitini 
fields. For A =q and A we have the expression of the covariant field strength of the gravitini 



+ T(^i/FCT/[6)"ec]'' 



(4.87) 



rri A 
J-rhA 



cba\ 



1 



A^cT^Ap - -(^^A^ct^Ab 
2 



(4.88) 



As for A = u, the central charge indices, we obtain the covariant field strength of the gravipho- 
tons 



(4.89) 



with J^ufj.^ the field strength of the graviphotons JF,^^" = di^v^^ — d^j^v^,^. In the S'C/(4) basis this 
becomes 



^eb^'ea^ 



(4.90) 



with the field strength Ty^^^"^ - ^ u^i 'ju- ■ - ^u^fi- - - ^fi^u- 



vii Uu 



Since the antisymmetric tensor is identified in the 2-form, the development of its covariant 
field strength on component fields is deduced using 



= ^dx^dx'^dxPdpK^ = ^e\^e^HcBA\ 



and one finds 
with 



\dpbiijj, Vp 0UV-F ] 



f) /, T/ IT 1 

'Jp^vp '^p[ba]-' ffJi 



(4.91) 



(4.92) 



(4.93) 



Note, that the dual field strength, ^e^f"''^dpbup, of the antisymmetric tensor appears in company 
with the Chern-Simons term ^S'^'^^^Vp^Quv^i/p.^ ■ We use the notation in order to accentuate 
this feature. Recall also, that one of the fundamental aims of the article [13] was to explain in 
detail that this phenomenon is quite general and arises as an intrinsic property of soldering in 
superspace with central charge coordinates. 

The lowest component of the derivative of the scalar can be calculated using D(f>\\ = 
dx^^Vp,(f) = e-^P^^|, and it is 



(4.94) 
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while the lowest component of the double derivative 'Da'^'^4>\, needed for the expansion of the 
equation of motion for the scalar (|4.72j) , becomes 



1 



1 



1 



flF -2<t> 



--(AV-Ac) (V.pA^ - V^/Ap) - -(VA^)(Vi/AA) 

- J(V^pAn(V'(^A«) + ^«An(V5/Ac) - ^(VAf)(V5'^^Ac) 



+-^fea[FC] 



(4.95) 



In order to compare our results with the component expression of the scalar's equation of motion 
derived from [12], we have to replace in this expression Ca^'Dfj.e"''^ with 



as a consequence of 1)4. 86|) . 

Finally, using Rb'^W = \dx'^dx^TZy^i,'^ = ^e^e'-' RcBb°'\, one obtains for the lowest component 
of the covariant Ricci tensor R^b the expression 



R, 



db\ 



db ^ 



+^ ( ^V'DO-dO-^fTfe^A" - ie/5liJuD>^° ] Pf\ 



1 



^ [iV^ada^ab^^lu - ie/Sl^P^X^) Pf\ 



-e-^F^^I^pjl UT{ab^,a,s)r''oA^ + ^e/C^e/^feA 



\ed^mi - [(V'[md<^6"A«)(^,]^Ab) - (V'[mdA")(V^.]^^t,-Ab)] 



. (4.96) 



4.5.2 The equations of motion 

In the last subsection we deduced the expression of all quantities appearing in the super covariant 
equations of motion in terms of component fields. We are therefore ready now to replace these 
expressions in (|THH) . (|THT|) . (|T77j) . (ESU), (11113), (EUl), and give the equations 

of motion in terms of component fields. 
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It turns out that the expressions 



Qp + [V'KFCTpa'^A'' - Vi/apa'^Ap + er^i^n^<^,'4^,/] - \e^^\^(TpK (4.97) 



and 



3^1 



DC 



_pl/KIJ,p 

2 



V'mdV'pc - «2^dcbaA''c7^'0p'^ 



DC Z 



DC 



-tr(a'^'^a^'') [V/.dV'pc - i^eDCBAA^a^Vp^ 



(4.98) 



appear systcmaticahy, and using tlicm, the equations take a quite simple form. Let us also 
denote the quantity F^^i^^ = eJ'e^'^Fita^ | , which is called the supercovariant field strength of the 
graviphotons in the component approach [88], [12]. 



Equations of motion for the helicity 1/2 fields. 



i 3 - 

-(a^a^Vt^A)/?- ^((^/.Aa)/3 



-(V;/Ap)(a'^a>^A)/3 
3i 



+z5,0(a^a'^VMA)/3 - e-*F.p[pA](^^^^"''Vi/)/3 - ^(AaAp)A^ (4.99) 



Equations of motion for the gravitini. 



-20 



-'t>p 



p,v[A¥\ 



tr(a''V'^'^)V;/" + -tr(a''«a^'^)(a,AO" 



+^V'.AA^(a'"'Ap)" + ^(^.^a'^^AOA^ - ^(^,pa''a'^A^)Aj 



(4.100) 



Equations of motion for the scalar. 



= 2V-^d^{Vg^'-d,^) + -y-^a^ (FA^a'^a'^V.A + VKa^'a^i^t) 



(4.101) 



Equations of motion for the antisymmetric tensor. 



(4.102) 
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Equations of motion for the graviphotons. 

9^ = ^Ve-^'^eP''^"'HpJ^^f,'' (4.103) 

Equations of motion for the graviton. 

The Einstein equation in terms of component fields is also deduced in a straightforward 
manner from (|4.84|) and ()4.96|) with the usual Ricci tensor TZ^^, = ^ X^^,^ eJ'e'^^'T^^iKba- Here we 
give the expression of the Ricci scalar: 

-e-<^F«p[«^] (^tr(a'^''a'^^)V^BV'.A + ^tr(a^''a^^)V'^Ba.AA 
-e-<^F,,[B^] (^tr(a'^V'^-)V;/^/ + ^tr(a-^a^-)V5/a,V 

+ ^(V'paA*)(V5''^Aa) + '-{X^aP~X^){^p^X^ - V^p^Aa) 

»7 — — ? — — 

__^pm-(^^^^^^/)(AA^^Aa) - -e''^""(^pFCTpV^/)(A^(7«AA) (4.104) 
4.6 Conclusion 

The aim of this work was to deduce the equations of motion for the components of the N- 
T multiplet from its geometrical description in central charge superspace, and compare these 
equations with those deduced from the Lagrangian of the component formulation of the theory 
with the same field content [12]. 

We showed that the constraints on the superspace which allow to identify the components 
in the geometry imply equations of motion in terms of supercovariant quantities. Moreover, we 
succeeded in writing these equations of motion in terms of component fields in an elegant way, 
using the objects and -F^^". The equations found this way are in perfect concordance with 
the ones deduced from the Lagrangian of Nicolai and Townsend [12]. This result resolves all 
remaining doubt about the equivalence of the geometric description on central charge superspace 
of the N-T multiplet and the Lagrangian formulation of the theory with the same field content. 

As a completion of this work one may ask oneself about an interpretation of the objects -ff^ 
and -F/iv") which seem to be some natural building blocks of the Lagrangian. Concerning this 
question let us just remark the simplicity of the relation 

-ixA = e-2^^p + ^A%AA (4.105) 

o 

between and the U{1) part of the initial connection 1)4. 45() of the central charge superspace 
with structure group 5L(2,C) C/(4). 

Having at our disposal now a well-defined and elegant formalism to describe = 4 super- 
gravity, it would be interesting to try to incorporate matter multiplets in this framework. In 
particular, according to [11], 6 vector multiplets naturally couple to gravity in the process of 
dimensional reduction. In the central charge superspace we have used here, before putting all 
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constraints, the maximal number of central charges is 12. Once the constraints have been taken 
into account, this number reduces to 6 (|4.31jl . which is exactly the number of vectors contained 
in the = 4 gravity multiplet. However, if one relaxes some of the constraints listed in this 
chapter, one may expect that the full number of supercharges would be available. This would 
mean that 6 new vectors appear, and it seems natural to think that these vectors would corre- 
spond to those arising in the reduction of the gravity multiplet of = 1 d = 10 supergravity [11] . 
We hope to report on this issue in a close futur. 



Appendix A 

Notions of differential geometry 



A.l Einstein's Gravity 

We take the signature (—,+,+,...). The space-time has d dimensions and indices are running 

from to d — 1. The Christoffel connection is the unique torsion- free connection for which the 
metric is covariantly constant 

V = \9'^{d,.gu\ + d,g^x-dxg^u) (A.l) 

^^l9up = dfj_g„p - T^^/gxp - Tfj^p^g^^x = 0. (A.2) 

Here is a useful relation : 

d^.iV^V'^) = V^V^V^ (A.3) 
that can be checked using the formula for the determinant of a matrix A 

det{A) = exp(TrlnA). (A.4) 

Since there is no torsion, the commutator of two covariant derivatives is given by the Riemann 
tensor as follows 

[V/,,V.]l^^ = -7^^.pVA (A.5) 

and its expression is 

i^fxvp — '-'fx'- vp 'Jv'- fxp ~ fj/j vp ^ ua ^ up ■ v 

The Ricci tensor and scalar are : 



Under a Weyl rescaling 



7^ 




9^iv 






= n'^g^"' 




= n-'^^g 
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(A.7) 



(A.8) 
(A.9) 
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it behaves like 

J dx'^^^'^-'^n = j dx'^^^ (n + {d-i){d-2){^f^ . (A.io) 

Finally, the covariant derivative acts on a Majorana spinor t]^ with the connection I^mab 

Vmria = dmVa ' ^r„a6(r"'')a% (A.ll) 

where F"-^ is the antisymmetrized product of two T-matrices. 

A. 2 Forms 



A p-form is defined by : 



Fp = ^FM,M,...M,dy^'dy^^...dy^-. (A.12) 



The Hodge dual is 



= ^g-^^^FM,M,...M,e^^''---''^M (A.13) 
where we use for the epsilon tensor the convention g^^.-.d _ ^j^^ 

eMiM2...Md = gMiNi ■ ■ ■ QMdNa^'^^'"'^''- 
This tensor enjoys the following properties 



Mi...Md 




= 9- 


d\ 




MiM2...Md^ 

e eiViMa. 


-Ma 


= 9- 


{d- 




MiM2M3...Md 
c ^N-iN2Ms. 


..Ma 


= 9- 


{d- 




Ml...Mr,...Md^ 

e ''eAri...ArpMp+i., 


..Ma 


= 9- 


{d- 





(A.15) 

where g = det(5M7v) and the (^-symbols satisfy 
Then we have that 

Hp*Fp = -iH'^^-^^FM,...M,V^d''y 

= -{-)P(d-p)Fp, (A.17) 

the extra minus sign being due to the negative signature of the minkowsky space (absent for 

Euclidean manifolds). Suppose the whole space-time splits into A^io = A^4 x Xg, where Xg is an 
internal manifold. Then the coordinates of both spaces do not mix, and it is possible to define 
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the Hodge dual on each space. In this particular case, the 10-dimensional Hodge dual splits in 
the product of 2 forms, one belonging to each space, in the following way 



no 



{EnMp) = {-r^*4EnA*eIp, (A.18) 



where *4 and *g are defined as in (|A.13|) . En and Ip are an external n-form and an internal 
p-form. 

Finally, the action of the differential operator d, which brings a p-form to a (p+l)-form, 
reads 



dFp = ^dNFM,...M,dy''dy^'K..dy^'^ (A. 19) 

and satisfies 

d{FpGg) = dF.G+i-fF.dG. (A.20) 

It is a nilpotent operator 

ddFp = (A.21) 

and satisfies Stoke's theorem 



dFp = / Fp. (A.22) 

M JdM 

Its conjugate d] brings a p-form to a (p-l)-form. The generalized Laplacian is 

A = dd^ + dU, (A.23) 
and the component expression of these operators^ is 

d^Fp = -^-l-^(-)(f-i)('^-p)v^(Fp),,,...,^_,dx'^^..dx'^-- (A.24) 

{AFpU,,,,^ = -V^V,(Fp),,...,^ + ^[V^ V,J(Fp),,...,,^,...,^. (A.25) 

i 

Using the positivity of the scalar product (for Euclidean spaces) 

< Fp\Hp >= J FpA *Hp (A.26) 

and considering the product < Fp\AFp >, one can show that a form is harmonic if and only if 
it is closed and co-closed 

AFp = dFp = and d^Fp = 0. (A. 27) 



^For Euclidean spaces, signs are opposite. 
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A. 3 Clifford algebra in 6 Euclidean dimensions 

For a review of these results, see [89]. We consider Majorana spinors. There are six Gamma 
matrices, of dimension 8 obeying Clifford algebra 

{Fm , Tn} = 2r)mn- (A.28) 
Their conjugation relation is Tm = F^. The chirality operator F7 is defined as 

F7 = zFi...F6 (A.29) 

and satisfies the same conjugation relation (Fy)^ = F7. Majorana spinors on the 6 dimensional 
internal space can be defined if we adopt the following conventions for the charge conjugation 
matrix C 

C^ = C, Tl = -CTmC-^ , (A.30) 

while the Majorana condition on a spinor 77 reads 

ri^ = rj^C. (A.31) 

From the single F-matrices, we can build the antisymmetrized product of k matrices 

(r^*^^)mim2...mfc = ^ ^{^)^rn„(^)^m^^2) ■ ■ -^rn^ik)^ (A.32) 

which is a basis for all 8-dimensional matrices for k from to 6. For k = and k = 3 (modulo 
4), F^'^) is symmetric^, and for /c = 1 or = 2 it is antisymmetric. These symmetry properties 
of the gamma matrices and C with the above conventions imply that for a commuting Majorana 
spinor rj the following quantities vanish 

V^^ii)V = V^'^i2)V = v''^{5)V = V^'^i6)V = , (A.33) 

We will meet several times the product of two such matrices. As an 8-dimensional matrix, this 
product can be expanded on the F^'^). The (heuristic) rule is the following. Take the product 
^ mi... TUk^^^ ■ It will be a linear combination of F' for 1 from to k + p. Since the only tensor 
we can use, other than the matrices, is the 6 which has two indices, the only terms which survive 
are the ones of order k + p, k+p — 2 and so on, until there are no ways to take indices from the 
lowest order matrix in the product. The expansion reads 

■p pni...np _ -p 'ii---'ip J_ /lAr ["ir n2...np] I ( k 'iA\ 

For the sign of A, look at the first term Vmi...mu^^"''^''^ and imagine you take ni to the right of 
mi. Then you have to go through m^, rrik-i ■ ■ ■ m2- Each time you get a minus sign, so the sign 
of A is (— )*^""^. Its absolute value is C^Cp, where the 1 stands for the number of indices you take 
in the F, and C is the combination C'j = . The next term will have an order 2 5, its sign 

will be the previous sign times the sign obtained when going with 712 through m^, m^^i . . . 771,3 
to go to the right of 7712, so(— )'^~^(— )^~^, and its coefficient will be C^Cp, and so on. Suppose 

k < p, then the last term in the expansion will be proportional to Smlm2,,^mk^"'''~^'^"'^''^ ■ The 
absolute value of its coefficient will be C^Cp. Let's take an explicit example to make things 
clearer. Following the above rules, it can be checked that 

■p -pnin2n3n4 _ p nin2n3n4 i q ^ AA^"! V n2n3n4] 

-3 * 6fcF^/3n4] _ 1 , 45K«^;;;^^r"< (A.35) 



^More precisely, the symmetry properties are true for F'^-'C. 
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A. 4 Cohomology and homology classes 

A p-form Fp is said to be closed iff dFp = 0. It is exact iff there exists a (p-l)-form Gp_i 
sucli that Fp = dGp-i. Obviously, using the property of the derivation (|A.21|) . an exact form is 
closed. But the converse needs not be true. 

Let's define the group of closed p-forms, with additive law, and the group of exact 
p-forms. Then the group = Z^/BP contains the classes of closed forms which are equal up 
to an exact form. The harmonic forms are examples of closed but not exact forms. A classical 
result is that there is actually a unique harmonic form in each cohomology class. Thus the 
number of harmonic p-forms is exactly the dimension of HP. Finally we notice that, when F is 
harmonic, so is *F. This implies Poincare duality H'^ ~ H"'~p. Let be the dimension of H^ 
(Betti number). Then the Euler characteristic x is 

X = Y.(-rhP. (A.36) 

p 

A p-dimensional submanifold jp is a p-cycle iff it has no boundary djp = 0. Since a boundary 
has no boundary, d is nilpotent. Thus the boundaries are cycles. But again, the converse needs 
not be true, there can be cycles which are not boundaries of some submanifold. 

Let's define the group Zp of p-cycles, and the group Bp of p-boundaries. Then the group 
Hp = Bp/Zp contains the classes of p-cycles which are equal up to a boundary. 

The analogy between homology and cohomology is striking. Indeed, De Rham's theorem 
states that H'P ~ Hp. Since we expand all our forms on harmonic forms, the Betti numbers, the 
numbers of such forms, are extremely important to us. These numbers are topological invariants, 
which can be found by looking for independent p-cycles. 

A. 5 Almost complex, complex and Kahler manifolds 

For a detailed review of the notion of (complex) manifolds, see [90,91]. Here we briefly recall the 
main results. A differentiable manifold is described by a set of patches, that can overlap. On 
the overlap of two patches, the two sets of coordinates are related by a Coo diffeomorphism. A 
manifold of even dimension 2n is locally diffeomorph to i?'^" = C". If moreover, the changes of 
coordinates are holomorphic, then the manifold is complex. An other way to define the notion 
of complex manifold is the following. If there is a globally defined 2-tensor J^" squaring to — 1, 
the manifold is called almost complex, and J is the almost complex structure. This does not 
mean that J can be used to define complex coordinates globally. To do so, the almost complex 
structure must be integrable. This is quantified by its "torsion", the Nijenhuis tensor [59] 

Nmn'' = jJi^lJn " V„J/^) - Jn'(VzJ^ - V^J^^). (A.37) 

If vanishes, then the manifold is complex. This means that complex coordinates can be used 
safely. Let's denote them taking values in 1,2,3 and 1,2,3. The complex structure 

takes the form 

jj^ = +i6j , J J = -i5sP , J J = Ja^ = 0. (A.38) 

It is always possible to choose a hermitian metric for which only the mixed components are 
non-vanishing. Lowering the indices of the complex structure with this hermitian metric, one 
can check that Jmn = —Jnm- It is thus natural to define a 2-form out of J 



(A.39) 
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If J is closed, it is called the Kahler class and the manifold is called Kahler. Some very important 
properties come from this assumption 

d J = 0. (A.40) 
First of all, in complex component, (|A.40|) can be rewritten 

da9f3^ = dpQo^p (A.41) 
which means that the metric can be written in terms of a (Kahler) potential K 

9aa = dadaK. (A.42) 

This in turns implies that the only non-vanishing Christoffell symbols are completely pure in 
their indices 

Tai3^ = g^^d^gp^. (A.43) 

For the Riemann tensor, it can be checked that the only non- vanishing component is Raai3f3 
the ones obtained by complex conjugation or using the symmetry property 

R[mnp]' = 0. (A.44) 

A. 6 Homogeneous functions of degree 2 

Let F{X) be a homogeneous function of degree 2 of the scalars X^, X^, . . . X^. This means that 
F is a polynomial of the X's, with integer powers, such that the sum of all powers is 2. F can 
be written as 

F{X) = Y.ax,x,...x„{X')''{Xy'...{X-)^" (A.45) 

where the sum is other all n-uplets (Ai . . . A„) in Z" such that Ai + . . . + A„ = 2 (with only 
a finite number of non-zero n-uplets). Obviously such a function has the important property 
F{aX^ ,aX'^ . . . aX"^) = a'^ F (X^ , X'^ . . . X"') , which is precisely the reason why it is used in 
N = 2 super gravities. 

Let Fj be the derivative of F with respect to X^ . Then 

Fi = g^F = EAiaA,A,...A„(Xi)^-i(^')'^---(^")'" 



K = ^F = EA„aA,A....A„(Xi)^HX2)^^...(X«)^"-^ 
From this we deduce 

X'Fj = ^(Ai + . . . + A„)aA,A....A„(^')^H^')^' • • • iXn^" = 2i^- (A.46) 
Now we successively differentiate HA.46() with respect to X-^^X^ and we obtain 

X^Fi = 2F (A.47) 

X'Fjj = Fj (A.48) 

X'Fjjk = 0. (A.49) 
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Calabi-Yau manifolds 



B.l Main properties of CI3 

We will start from the definition involving a spinor. A Calabi- Yau manifold admits exactly one 
covariantly constant spinor. Using this spinor r], we build the tensor 

Jm" = -irj^T^^'Trrj (B.l) 
and we want to show that it squares to —1. We evaluate the expression 

= -r?t»r/VV(^„^"^7)a6(^„^^7)cd 

= -r?t"r/W(M^nafecd. (B.2) 
We rearrange the spinor indices with Fierz method 

~^il^lnqm^)ad(J^ '^)cb ~l~ (J^nqm^^adi^ Ty)^^ 

+ (^nm^)ad(r"r7),fe + {kmnadiTjU. (B.3) 

Considering the symmetry of spinor indices in HB.2|) . we only compute the coefficients {km^)ad: 

{knqm^)ad and {knqm^)ad- Multiplying ()B.3|) respectively by 5^", {Tinqf" and {YnqT-jf", we 
obtain 



h p — 








k, P — 

"'Inqva 


~'^^m^i'iiq 






h P — 


~YQ^m^nq^7 — 


1 

-^9m[n^qf^7 " 


^^fn^q]m^7 



This leads to 



and the final conclusion 



(B.4) 



3 

2"'" ' 16 



Jm^'Ju" = (B.6) 
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J is thus an almost complex structure. Since rj is covariantly constant (with Christoffell 
connection), so is J, and the Nijenhuis tensor (|A.37|) vanishes : the complex structure is inte- 
grable and the manifold is complex. Moreover, since J is covariantly constant, it is obviously 
Kahler. The last defining property, Ricci- flatness, comes from a consistency condition on the 
spinor. The fact that r] is covariantly constant is written, according to ()A.11|) 

V^mVa = dmVa " ^T^abiT'^X'^VlS = 0. (B.7) 

Applying an other covariant derivative and taking the commutator, we find 

[V^ , V„]77 = -RmnpgTP'^7] = 0. (B.8) 

We want a constraint on R, so we multiply successively by F", and rj^ . Using the identities 

pnppg _ pnpg _|_ 2^'^br'3] (B.9) 

P^pnp9 = ri"p« + 35|"rp«i (B.io) 
r^n = Fi^ + df (B.ii) 

and the symmetry properties HA.33|) . we obtain 

V^rrP'irjRmnpq " 2Rmi = 0. (B.12) 
Since R is subject to the Bianchi identity 

Rm[npq] = 0) (B.13) 

the only surviving term expresses Ricci-flatness 

Rmn = 0. (B.14) 

For a proof of the structure of the Hodge diamond ()2.16|) . see [91]. 

B.2 Integrals on CY^ 

On the Calabi-Yau manifold one can define complex coordinates ^* 

C = r- ; e = r- = r- ■ B.15 

V2 V2 V2 

We define the three-dimensional epsilon tensors such that 

dCdfdCd^^dC^dC = e'^'^^e^^^d^e (B.16) 

that is to say e^^^ = e^^^ = +1 and d^(, = d^^d^^d^^d^^d^^d^^ = —id^y. The indices are lowered 
with the metric as in HA.14|) . and, keeping in mind that gij = g^] = 0, one has the properties 
similar to (|A.15|) 

e"^^ea/37 = ^/53! ... (B.17) 

The relation with the 6-dimensional epsilon tensor is the following. We define the real e- 
symbol by £^23456 _ The indices are lowered with the metric. It follows that in terms of 
complex indices one has 

^ap-yajB^ _ _^^al3-y ^a^^ ^ (B.18) 
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B.2.1 (l,l)-form sector 

Harmonic (1, 1) -forms are denoted by {(Ji)^^, i running from 1 to h^^'^h The integrals we 
abbreviate as 



JC 

JC.. 



^ [ J AJ AJ , ICi= [ UiAJ AJ , (B.19) 
6 Jy Jy 

J uf AuP AJ , JCijk = J u'^ Auj^ AuJ' , 



where /C is the volume and J is the Kahler form which can be expanded in terms of the basis 
Ui as 

J = v'uji . (B.20) 

This implies the following identities 

icy = 6/C (B.21) 
We also define the metric on the complexified Kahler cone 

9ij = ^ J^^^i/\*^j , (B.22) 

which, using [92] 

JC 

*uJi = -JAUi + -^JAJ, (B.23) 

can be rewritten 



On a Calabi-Yau threefold iJ^'^(y) is dual to H^^'^^iY) and it is useful to introduce the 
dual basis normalized by 

Ui A u!^ = Sf . (B.25) 



lY 

With this normalization the following relations hold 

gr^i = 4/C / a;* A *u;^ , *uji = AJCgijU^ , *w* = g^^uj , oji A ujj ~ /Cyfeo;^ , (B.26) 
Jy 4/C 

where the symbol ~ denotes the fact that the quantities are in the same cohomology class. 
B.2.2 3-form sector 

There are two standard choices of basis for the 3-form sector. One is obviously complex, with 
(%)q/37) running from 1 to h^'^'^\ a basis for the (2, l)-forms, and ^^a/B'y is the unique holo- 
morphic (3, 0)-form. The other choice is a complete set of 2{h^'^'^^ + 1) real forms aA , P"^, A 
running from to h^'^'^^ . This basis is orthonormal in the following sense 



aAAaB= / A = (B.27) 
Y Jy 

J^aAAp"" = - J^P^ AaA = S^. (B.28) 
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The (3, 0)-form 0, can be expanded on this basis with coefficients to be interpreted later 

n = z^aA - TaP^. (B.29) 
Since Q is covariantly constant, defined by 

= ^n^/syCi'^''^ (B.30) 

is a constant on the Calabi-Yau manifold. 

B.3 Lichnerowicz's equation 

Consider a deformation of the metric gmn = 9mn~^^9mn such that is hermitian with vanishing 
Ricci tensor. Using invariance under diffeomorphisms and tracelessness of the metric, we are 
allowed to impose the following constraints on 5g 

g'^'^'Sg^n = (B.31) 
V™55mn = 0. (B.32) 
The first order variation of the Christoffel symbols can be written as 

STmJ = Ig'^P^VmSgni + VnSgmi " ViSg^n) (B.33) 
and leads to the variation of the Riemann tensor 

Since we want our manifold to remain Calabi-Yau, we have to impose 

6Rmn = 0. (B.35) 
From (|R3T1) . one can immediately see that 

SrJ = 0. (B.36) 
Plugging this in (|B.34|) and using (|B.32|) . we find Lichnerowicz equation 

y^^iSgmn - [V , Vm\Sgin " [V , Vn]6gim = 0. (B.37) 

This splits into two equations, one on the mixed variations and one on the pure variations. 
Taking 

Sgaa = -iv\u;i)aa (B.38) 

obviously solves (|B.37|) . but for pure variations, the problem is more tricky. First of all there 
are no (2,0)-forms on the Calabi-Yau, and second of all, 6gai3 is symmetric. We show now that 

S9af3 = J^^''{Va)ap^n^^P (B.39) 

is indeed symmetric and solution to HB.37|) . Consider 

La/3 ^ {fia)a-p^^'^^P - {na)^-p^^'^^(3 (B.40) 

and multiply this equation by J^^X/i- We find 

LaP^^X-^ = -2{fia)%-xgail - 2{f)aY-^pg^-x. (B.41) 
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From this we can see that if {i]aY p\ = 0, Lap = 0. Conversely, by contracting with g we 
obtain 

La^^l^'^fi = 4(j?a)^-A (B.42) 

such that if L^p = 0, then {fjaYpfi = 0. Finahy, 5gap is symmetric iff {fjaYpfi = 0. Let us write 
the fact that fja is harmonic HA.25|) 



- [V"^, V^]fe)„^^ = 0. (B.43) 

We want to compute 

L^^V^Vm{fiaf-p.^ - [V-, V^lfe)/^^^, (B.44) 

therefore we contract ()B.43p with 51"^. To evaluate the commutators, we use ()A.5|I and the Ricci 
flatness. We find 

L^ = -i?^a75(r/a)/3°'^ " p^siriaf / = 0. (B.45) 

This means that {fja)^ 0^ is a harmonic 1-form. Since there are no such forms on a Calabi-Yau 

manifold, {fja)^ is zero which is the final proof for the symmetry of Sgafs- 
Lichnerowicz equation on 6gai3 reads 

y'ViSgap - [V^ , Va\6gjp - [V^ , Vf3]5g^a = 0. (B.46) 
Plugging the expression (|2.21|1 for 6gap, and contracting with ^p^^, this is equivalent to 

V^V^CryJ^^^ + 2R\P-^{fjah-^-2R\P^ifja\^f^ = 0. (B.47) 

This is exactly the equation of harmonicity of fja (|B.43() . Thus (|2.21jl is indeed solution to 
Lichnerowicz equation. 

B.4 Compactification of the Ricci scalar 

We perform an expansion of the Ricci scalar up to order 2 in the moduli. The components of 
the metric and its inverse are 

gap = + z''(ba)aP (B.48) 

9aa = gia-iv\uJi)aa (B.49) 

g^P = 0-z«(6J^^<7°"''ff°^'^ (B.50) 
5"" = + (B.51) 



with 



{ha)ap = ^{ria)am^'^^P. (B.52) 
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Apart from the purely space-time ones, the non-vanishing Christoffell symbols are 



-l{ba)^^{bi>)ay9'^''g''^^z-d^z' (B.53) 

Ta/S^ = -\{ba)a/3d^z'' (B.55) 

V = +'-{u;i)^^df^v\ (B.56) 
The 10-dimensional Ricci scalar has the following decomposition 

-Rio = R4 + g^'^R/j.au"' + {Ra^P^ + Ra^(f + Ra^(P) (B.57) 

+9"^ [Ra^^f + Ra-yf + Ra^pl + CC. (B.58) 



where c.c. means complex conjugate of all terms except R/^. Before going further in this calcu- 
lation, let's look at a trick that we will use several times. There will appear terms like 



^^V^^V^F'^. (B.59) 

Recalling HA.3|) . we see that this is not exactly a total derivative, because the summation is 
not on all indices, but only on the space-time ones. A generic expression like (|B.59|1 will be 
transformed into 



T^Vff^v^y'^ ~ -./^AV^d^^^. (B.60) 



where ~ means equal up to a total space-time derivative. For the derivative of the determinant 
of the metric, we use (I A. 41) and we find 



=\^^ [g'^^d^g^p + g^'^d^g^-p + 2g^'^d^g^-^ , (B.61) 



which leads to the following expressions for the Ricci scalar 
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g"'^ {Ra^P^ + Ra^P^) = 0(3) 



-babbdf,z''d''z'' 



9"~^Ra^f = -\i{uj,g)iu;jg)-uj,u;j)d^v'd'^v^ 
g'^^R^^f = --Au;,g){u;,g)d,v'd'^v^ 



babbd^z'^d'^z' 



where 0(3) means of order in the moduh greater or equal to 3. Finally we obtain 



+Qabd.z''d^'z' 



with 



Pij = j {^ig){^jg) - ^^^i^j 
Qab = ^ j bah 

bah = (&a)^/3(66)a/39°"V^° 



Observe that in components, we have 

Kij - 

which leads to 



J LOiLOj - {uJig){ujg) 



Pij — —KLij + 2 / ^i'-^j- 



Y 



Writing ()B.22|) in components, we find 
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9ij = I uJiUJj (B.76) 



Y 

Pij = -K-ij - 2]Cgij = +21Cgij - '^^i^j- (B.77) 
where we have used (|B.24() for the last equation. 

B.5 Moduli space 

For a detailed account of the moduli space of Calabi-Yau threefold, see [93]. One of the main 
results is that the moduli space Ai splits into the product of two spaces : Aii^i corresponds to 
the deformations of the Kahler class , which are parameterized by the harmonic (1, l)-forms, and 
M2,i corresponds to the deformations of the complex structure, parameterized by the harmonic 
(2, l)-forms. Both spaces are special Kahler [94]. The whole moduli space is thus 

M = Mi^ixM2,i. (B.78) 
B.5.1 Kahler class moduli space 

Mi^i describes the sector of the scalars of the vector multiplets for type IIA, and the sector of 
the scalars of hypermultiplets for type IIB. Recall that the NS-NS 2-form B2 is present in type 
IIA and type IIB, and that it combines with the Kahler class in the following way 1)2. 56(1 

B2 + iJ — > f = b' + iv' (B.79) 

The metric for this sector is 

from this we deduce that it is Kahler with Kahler potential K 

e-^ = 8/C . (B.81) 
This potential can be written in terms of a prepotential J- 

e-^ = i {x'Ti - X'fi) , Ti = (B.82) 

with 

Here the index I is running from to /i^'^, and we have defined the X^ in terms of the spe- 
cial coordinates as X^ = The potential (|B.82|) has a symplectic invariance and the 
corresponding manifold is called Special Kahler. 

The vectors of the vector multiplets in type IIA couple through a matrix M given below. 
This matrix is also the one appearing in the hypermultiplet sector of type IIB. It is defined by 

AA/j = ^ij + xPiJ^pqXQ ^'^<^''^^ ^JL^"^ (^-84) 
and its real and imaginary parts are 
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Re Mo = \lC,jkVb'' , liaNio = - (}Cij - \ ^ ) V , (B.85) 



(1 Ki Ki 
ICij - - -j^ 

We will also need the inverse of the imaginary part of M 



and the inverse metric has the explicit form 



1 ¥ 

{ImM)-' = -i f ) (B.86) 



g'^ = -4/C (V^-^] (B.87) 



in terms of /C*-' defined by 



V^IC.k = 61 (B.88) 
Multiplying (lR88l) by v^, we also obtain the following useful relation 

V^ICj = v\ (B.89) 

B.5.2 Complex structure moduli space 

According to Kodaira's formula [95], gfs-^^ is in H^''^ + H^'^ 

-j^n = + irja. (B.90) 

where r]a is the basis for (2, l)-forms used in (|B.52|) . The metric for the scalars was found in 
H2.35() . and can be rewritten 



From this and ()B.9n|) we deduce that the metric for complex structure deformations gab is also 
Kahler with Kahler potential given by 



e-^ = i QAn = /C||0||2. (B.92) 



-K _ A j o A n _ iriir)ii2 

It is argued that can be taken homogeneous of degree one [93] , so the coordinates in the 
expansion (|B.29|) are actually projective. Again this potential can be written in terms of a 
prepotential !F as 



e-^ = i [z^Ta - z^^a) , = (B.93) 



d 
dz 

where Ta^ the one appearing in (|B.29() . is a function of the z^. The moduli space for the Kahler 
class deformations is thus Special Kahler. 

In order to evaluate the integrals in the reduction we need to recall that the Hodge-dual 
basis (*aA)*/3"^) is related to {aA,l3"^) via 

*aA = AA''aB + BABP'' , *(3^ = C^"" ae + D^b P"" , (B.94) 
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where A, B, C, D are some unknown matrices. The relation 

A */3^ = [ A *aA (B.95) 
imphes 

Aa"" = -D^'a, (B.96) 

and similarly it can be obtained that B and C are symmetric. Following [96-99], we will show 

that these matrices can be expressed in terms of the moduli. To this end, we start by noticing 
the identities 

*n = -in (B.97) 

*7r = +m (B.98) 

for the (3, 0)-form Q and any (2, l)-form n. HB.97|1 can be expressed directly using the expansion 
(f09|l and the definitions d04|l 

z^Aa"" - J'aC^'' = -iz"" (B.99) 

z^Bab + J'aAb^ = iJ^B- (B.lOO) 
Since the forms r]a are (2, 1), they do not contribute to the integral 

j danAn = kaj nAn (b.ioi) 



which enables us to evaluate k„ 



ka = ^Im^aB^-^ = -daK (B.102) 

< z z> 



where we defined the inner product 



<F,G>= IuiJ^abF^G^ (B.103) 
and we have used formula ()A.48|) for homogeneous functions. Adapting the argument in [93] to 

dz 



the coordinate z*^, we know that -rpj^ G H^'^ + H^'^, and we define the (2, 1) piece by 



With the general expression 



7^5^ = l^lmJ^oBZ^n + ir]o. (B.104) 

oz'^ < z\z > 



^ n = aA-J'ABf3^ (B.105) 



dz^ 

one can expand r]a on the {a a , P^) basis, and imposing (|B.98|) for rjA, we find the equations 

Aa^-J^acC^^ = iSi "^ImJ^Acz^z^ (B.106) 

< z\z > 

Bab+:FacAb^ = -iTab^ — '^^IitiTacz^Tb- (B.107) 

< z\z > 

Remark that multiplying (|B.106|) and HB.107|) by z^ one recovers (|B.99|) and (|B.100|) . Separating 
the real and imaginary parts of (IB.in6j) and (IB.in7j) we find the expressions of the matrices 
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Aa"" = -ReJ^AC {Imj^-'f' + '""^^ + '""^^ (B.108) 



Bab = Im Tab + Re Tac (Ira J^-^f^ Re Tdb-^^^^^t^^ (B.109) 

< z\z > 



,AB Z^Z^ + z'^z'^ 



We introduce the matrix M 



Mab = :Fab + — T — IrnJ^ACZ^lmJ^BDZ^ (B.lll) 

< z\z > 



and we give the expression of A, B, C in terms of Ai 



A = {ReM)(lmM)~^ , 

B = -(ImA4)-(ReA^)(ImM)-^(ReA^) , 

C = (ImA^)-^ . (B.112) 
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Appendix C 



Type II supergravities on CY3 with 
NS-form fluxes 



C.l Type IIA with NS fluxes 

In this section wc briefly recall the results of [7] for the compactiflcation of type IIA supergravity 
on Calabi-Yau three-folds Y when background NS fluxes are turned on. 

The bosonic spectrum of type IIA supergravity in ten dimensions features the following 
fields: the graviton gMN, a two-form B2 and the dilaton 4> in the NS-NS sector and a one form 
Ai and a three-form C3 in the RR sector. The action governing the interactions of these fields 
can be written as [3] 



A *F2 + F4 A *F4) + ^ y A Ca A dCa , (C.l) 



where 



H3 = dB2 , F2 = dA^ , F4 = dCs -AiA H3. (C.2) 



Upon compactiflcation on a Calabi-Yau three-fold the four-dimensional spectrum can be read 
from the expansion of the ten-dimensional fields in the Calabi-Yau harmonic forms 

Ai = A\ 

C3 = C3 + A' AiUi + ^^aA + iAP^ , (C.3) 
B2 = B2 + b'oji . 

Correspondingly, in D = A we find a three- form C3, a two- form B2, the vector fields {A^,A^) 
and the scalars b\^'^,^A- Together with the Kahler class and complex structure deforma- 
tions and these fields combine into a gravity multiplet (G^^^, h^^'^^ vector multiplets 
{A^,v^,b'^), i = 1, . . . , /i^^'-*^), /i^^'^) hyper-multiplets (^;",C",|a), o, = 1, . . . , /i^-*^'^) and a tensor 
multiplet {B2,cl),f,io). 

We assume that turning on background fiuxes does not change the light spectrum and thus 
the only modification in the KK Ansatz is a shift in the field strength of B2 

H3 = H3 + db' p^aA + QaP^ . (C.4) 

This leads to the following expressions for the different terms appearing in the ten-dimensional 
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action 



-jH3A*H3- ICgijdb' A*dV -V*l , 



F2 A *F2 



Y 



dA^ A *dA^ 



-- J^FiA*Fi 



I (dCs -A^A H3) A *{dC3 -A'>A H3) 



2}Cgij{dA' - A^dU) A *{dA^ - A^dV) 



+ - (imTW-i) 



DU + MacDC 



c 



A * 



(C.5) 



D 



m A C, A dC; 



-H3 A {i^dU - Udi"^) + -dV A A^ A dA'^ICijk 



+dC3A(p^iA-qA^^ 



Even from this stage one can notice that some of the fields effectively became charged 

Z)^^ = d^^_pA^o ^ DU = diA-qAA\ (C.6) 
and a potential term is induced 

V = -^e-^{q + Mp)lmM-^q + Mp) . (C.7) 



Next, the compactification proceeds as usually by dualizing the fields C3 and B2 to a constant 
and to a scalar respectively. We do not perform these steps here, but we just recall the final 
results, (for more details see [7,64]). First the dualization of C3 to a constant e results in 

Ce = Cc, = -^ [p^U - QAi^ + e) * 1 + (p^U - QAi^ + e)A^AH3. (C.8) 

It was shown in [7] that the constant e plays a special role in the case of RR fluxes, however, 
it is irrelevant for the analysis in this paper and thus we will set it to zero. Dualizing now the 
two- form i?2, one obtains an axion, which due to the Green-Schwarz term in ()C.8|) becomes 
charged and its covariant derivative reads 

(C.9) 



Da = da-[p^U-qAi'') ^ . 
Collecting all terms one can write the final form of the action^ 



Sua 



- -R*l - gi^df A *dt^ - /i^Dg" A *Dq'' -Viia*1 
2 

+^ ImMijF^ A*F-^ + ^ ReMijF^ A P-^ 



where the potential can be read from (|C.7|1 and ()C.8|1 
1 



ViiA 



1 



— e^-^ {q + Mp) ImA^-i [q + Mp) + — e^<^ (p^'U - QA^^ 



(C.IO) 



(C.ll) 



^For a systematic study of the Calabi-Yau moduli space we refer the reader to the hterature [15,93]. 
^We have further redefined the gauge fields as — > A* — b^A*^ and also appropriately rescaled the metric in 
order to go to the Einstein frame. 



C.2. TYPE IIB WITH NS FLUXES 



89 



while the metric for the hyper-scalars h^^ has the standard form of [22] 



• A *d(p + Qabdz"' A *dz 



(C.12) 



+- 



=20 



Da + {UDi^ - i^DU) A* Da + (UD^ - ^DU) 



'-A dA; 



C.2 Type IIB with NS fluxes 

In this section we recah the compactification of type IIB supergravity on a Calabi-Yau 3-folds 
with NS 2-form fluxes. The only differences with section 12.31 appear in the expansions of the 
field strengths which have to take into account fluxes 



(C.13) 



Consequently, F5 is also modified, according to 



F5 = AoA- Ga/3^ + {dDi - dU AC2- c'H^) A 
+dpi Aoj^ - c^dV Aidi A LOj 



(C.14) 



with 



The straightforward expansion reads 



(C.15) 



-e-^ Hi A *Hi 



--e^^ f dlA*dl = 


/C 


2 Jy 


~ 2" 




/C 








~ 2" 



- je""^ H3 A *H3 - Ke-^Qijdb' A *dV 
+^e~'^ (e - Mm) ImM~^ (e - Mm) * 1 

e^^ dl A *dl , 

e-^ {dC2 - IH3) A *{dC2 - IH3) 

-2ICe^gij{dd - IdU) A *{d(^ - IdV) 
+^e'^/^ (e - Mm) ImM"^ (e - Mm) * 1 



(C.16) 
(C.17) 



(C.18) 



-^IF^A^F^ = +-ImM-^{G-MF] A*(G-MF 



-ICgijdDl A *dDi - 



g^^ dpi A *dpj 



(C.19) 



^4 A i^a A dC2 



-hCijkDi A db> A dc^ - ^p, {dB2 A dd + dV A dCa 
+\C2 A {F^eA - GAm^) 



(C.20) 
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where and dpi have been defined in (|2.70|) and (|2.7H) . Since the sector of D2 and pi is not 
modified by the fluxes, the elimination of D'2 is made in exactly the same way as in section 
However, the sector of C2 gets modified. We still add the duality Lagrangian 

+^F^AGa (C.21) 
which imposes the new self-duality condition 

*G = ReM *F- ImMF (C.22) 
G = ReMF + ImM*F (C.23) 

as an equation of motion for Ga- After elimination of Ga^ we obtain 

CpA = +hmMABF^ /\*F^ + ^ReMABF^ /\F^ 

+hAC2 A (f^ + F^) . (C.24) 

It can be checked that this is compatible with the new component (2, 6) of the equation of 
motion of C2 H2.75() which reads now 

e^lCd*dG2 = -{F^CA-GArh^) +dpiAdb\ (C.25) 
After the Weyl rescaling of the volume and the rotation of f*, the whole action is 

S\% = j -^R *1 - gabdz'' A *dz'' - gijdf A *dP - d4> A *d4> 

-^e-^^dB2 A *dB2 - ^e'^'^IC {dC2 - ldB2) A * (dCa - W^a) 
-^ICe^'^dl A *dl - 21Ce^^gij {dc' - IdV) A * {dc^ - IdV) 

-^9-^"' [dpi - K-ikic'^dh') A * {dp, - /C,„,„c™d6") 

V 1 



+ [dU AC2 + ddB2) A (dpi - Kijkc'dh^j + -/Ci^fccVd^a A dlf 

+^ReMABF^ AF^ + hniMAsF^ A + ^e^ (f^ + F^) A G2 

+_e4<^ /2^__ {e- Mm)^ImM-^^^ {e-Mrh)^*l . (C.26) 

We again want to dualize the 2-form G2 but it has become massive with a mass involving 
only the magnetic fluxes. This is one of the reasons why the study of the magnetic fluxes is more 
involved and will not be addressed in this thesis. From now on we consider only the electric 
fluxes. G2 and B2 are thus massless and can be dualized to the scalars hi and /i2. We add first 



and the Lagrangian for G2 is 



+dC2 A dhi 



(C.27) 
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= -^e-^'^IC{dC2-ldB2) A*{dC2-ldB2) 

-h'dC2 A dpi + tAF^ A C2 + dC2 A dhi. (C.28) 
We eliminate dC2 with its equation of motion and we find 

Cc, = -^e^^{dhi-b'dpi-eAV^) A*{dhi-bidpj-eAV'^) 

+ldB2 A [dhi - b'dpi - caV^) . (C.29) 

Repeating the same procedure with B2, we obtain the action for type IIB supergravity on a 
Calabi-Yau manifold with electric NS fluxes 

= j -^R*l - Qabdz'' A*dz^ - gijdf A*dP - d(l) A*d(j) 

-^9'^"' [dpr - ICikic'^db') A * (dp, - /C,„„c'"d6") 

-2ICe^'^gij {dd - m) A * {dc> - ldb>) - hce^^dl A *dl 

-^e^-^ {dhi - b'dpi - caV^) a * {dhi - Vdpj - caV^) 
-e^^Dh A *Dh 

+ ^ReMABF^ AF^ + ^ImMABF"^ A *F^ 

+ \e"^ + ^) ~eAlmM-^^^~eB *1 (C.30) 



with 



Dh = dh2 + Idhi + (c* - lb')dpi - IcaV^ - ^ICijkc'c'db'' . (C.31) 
Applying the map described in section 12.41 we find 

3^% = J-^R*1- Qabdz^ A *dz^ - hu.Dq'' A *Dq'' - VjiB * 1 

+]^ReMABF^ AF^ + hmMABF^ A *F^ , (C.32) 

where the quaternionic metric is given by 

huvOq"" A *Dq'' = gijdf A *dP + d(l) A *d(l) (C.33) 



+^e4<^ (Z)a + {iiD^' - ('D^j)) A * (z)a + {ijD^' - D^j)) , 



while the potential reads 

VuB = -\e'^(l^ + ^) ~eA [{ImM)-^]^'' -CB. {CM) 
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The presence of the electric fluxes has gauged some of the isometries of the hyperscalars as can 
be seen from the covariant derivatives 

Da = da- feAV^ , L>|o = t^lo + caV^ , Dii = d^i , D^^ = d^^ . (C.35) 



Appendix D 

G-structures 



In this section we assemble a few facts about G-structures as taken from the mathematical 
literature where one also finds the proofs omitted here. (See, for example, [39-41,43,44,91,100].) 
We concentrate on the example of manifolds with SU (3)-structure. 



D.0.1 Almost Hermitian manifolds 

Before discussing G-structures in general, let us recall the definition of an almost Hermitian 
manifold. This allows us to introduce useful concepts, and, as we subsequently will see, provides 
us with a classic example of a G-structure. 

A manifold of real dimension 2n is called almost complex if it admits a globally defined 
tensor field Jm^ which obeys 

A metric gmn on such a manifold is called Hermitian if it satisfies 

Jrn' Jn 9pr — 9mn • (-^•^) 

An almost complex manifold endowed with a Hermitian metric is called an almost Hermitian 
manifold. The relation HD.2|) implies that Jmn = Jm^dpn is a non-degenerate 2-form which is 
called the fundamental form. 

On any even dimensional manifold one can locally introduce complex coordinates. However, 
complex manifolds have to satisfy in addition that, first, the introduction of complex coordinates 
on different patches is consistent, and second that the transition functions between different 
patches are holomorphic functions of the complex coordinates. The first condition corresponds to 
the existence of an almost complex structure. The second condition is an integrability condition, 
implying that there are coordinates such that the almost complex structure takes the form 

The integrability condition is satisfied if and only if the Nijenhuis tensor Nmn' vanishes. It is 
defined as 

/Y P — J1(p)JV_f)JP\_J<i(P)JP_p) TP) 

— "^m \^ q'Jn ^n^q ) 'Jn x^q^^m ^m'Jq ) i 

where V denotes the covariant derivative with respect to the Levi-Civita connection. 

One can also consider an even stronger condition where ^mJnp = 0. This implies N^n^ = 
but in addition that dJ = and means we have a Kdhler manifold. In particular, it implies that 
the holonomy of the Levi-Civita connection V is U{n). 

Even if there is no coordinate system where it can be put in the form (|D.3|1 . any almost com- 
plex structure obeying (jP.ll) has eigenvalues ±1 Thus even for non-integrable almost complex 
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structures one can define the projection operators 

iP^)m'' = l{SlTiJmn , (D.5) 

which project onto the two eigenspaces, and satisfy 

P±P± = p± , p+p- = . (D.6) 

On an almost complex manifold one can define {p, q) projected components ui^''^ of a real (p + q)- 
form ujP'^'^ by using ()D.5|) 



,/,<? —(P+) "-^ (P+) ^v(P'\ "p+1 (p-\ rip+q p+q (T)?] 

^mi...mp+q — \^ )m\ ■ ■ ■ \r jnip+i . . . l^-T jnip+q ^ni...np+q ■ l-^-'J 

Furthermore, a real {p + g)-form is of the type {p, q) if it satisfies 

^■mi...mpni...nq — {P )mi {P )mq ^ {P )ni {P )nq ''^r\...Sq ■ (D-8) 

In analogy with complex manifolds we denote the projections on the subspace of eigenvalue 
+i with an unbarred index a and the projection on the subspace of eigenvalue —i with a barred 
index a. For example the hermitian metric of an almost Hermitian manifold is of type (1, 1) and 
has one barred and one unbarred index. Thus, raising and lowering indices using this hermitian 
metric converts holomorphic indices into anti-holomorphic ones and vice versa. Moreover the 
contraction of a holomorphic and an anti-holomorphic index vanishes, i.e. given Vm which is of 
type (1,0) and which is of type (0, 1), the product VmW"^ is zero. Similarly, on an almost 
hermitian manifold of real dimension 2n forms of type {p, 0) vanish for p > n. Finally, derivatives 
of (p, g)-forms pick up extra pieces compared to complex manifolds precisely because J is not 
constant. One finds [91] 

dw^P^'i^ = (dc^)(P-l'''+2) + {duj)^P,Q+l) + + (dc^)(P+2:9-l) . (D.9) 



D.0.2 G-structures and G-invariant tensors 

An orthonormal frame on a d-dimensional Riemannian manifold M is given by a basis of vectors 
Cj, with i = 1, . . . , d, satisfying ej^e^gmn = ^ij- The set of all orthonormal frames is known as 
the frame bundle. In general, the structure group of the frame bundle is the group of rotations 
0{d) (or SO{d) is M is orientable). The manifold has a G-structure if the structure group of 
the frame bundle is not completely general but can be reduced to G C 0{d). For example, in 
the case of an almost Hermitian manifold of dimension d = 2n, it turns out one can always 
introduce a complex frame and as a result the structure group reduces to U{n). 

An alternative and sometimes more convenient way to define G-structures is via G-invariant 
tensors, or, if M is spin, G-invariant spinors. A non-vanishing, globally defined tensor or spinor 
^ is G- invariant if it is invariant under G G 0(d) rotations of the orthonormal frame. In the case 
of almost Hermitian structure, the two-form J is an f/(n)-invariant tensor. Since the invariant 
tensor ^ is globally defined, by considering the set of frames for which takes the same fixed form, 
one can see that the structure group of the frame bundle must then reduce to G (or a subgroup 
of G). Thus the existence of ^ implies we have a G-structure. Typically, the converse is also true. 
Recall that, relative to an orthonormal frame, tensors of a given type form the vector space for a 
given representation of 0{d) (or Spin{d) for spinors). If the structure group of the frame bundle 
is reduced to G C 0{d), this representation can be decomposed into irreducible representations 
of G. In the case of almost complex manifolds, this corresponds to the decomposition under the 
P^ projections HD.5|) . Typically there will be some tensor or spinor that will have a component 
in this decomposition which is invariant under G. The corresponding vector bundle of this 
component must be trivial, and thus will admit a globally defined non-vanishing section ^. In 
other words, we have a globally defined non- vanishing G-invariant tensor or spinor. 
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To see this in more detail in the almost complex structure example, recall that we had a 
globally defined fundamental two-form J. Let us specialize for definiteness to a six-manifold, 
though the argument is quite general. Two-forms are in the adjoint representation 15 of SO (6) 
which decomposes under U{3) as 

15 = 1 + 8 + (3 + 3) . (D.IO) 

There is indeed a singlet in the decomposition and so given a U (3)-structure we necessarily have a 
globally defined invariant two-form, which is precisely the fundamental two-form J. Conversely, 
given a metric and a non-degenerate two-form J, we have an almost Hermitian manifold and 
consequently a U (3)-structure. 

In this paper we are interested in SU (3)-structure. In this case we find two invariant tensors. 
First we have the fundamental form J as above. In addition, we find an invariant complex 
three-form 0,. Three- forms are in the 20 representation of SO {6), giving two singlets in the 
decomposition under SU{3), 

15 = l + 8 + 3 + 3^J, 

(D.ll 

20 = 1 + 1 + 3 + 3 + 6 + 6 => n = n+ + in~ . ^ ' 

In addition, since there is no singlet in the decomposition of a five-form, one finds that 

JAS7 = 0. (D.12) 

Similarly, a six-form is a singlet of SU{3), so we also must have that J A J A J is proportional 
to A Sl. The usual convention is to set 

JAJAJ=jOaO, (D.13) 

Conversely, a non-degenerate J and Q satisfying (|D.12|) and (|D.13|) implies that M has SU (3)- 
structure. Note that, unlike the U{n) case, the metric need not be specified in addition; the 
existence of J and Q is sufficient [61]. Essentially this is because, without the presence of a 
metric, defines an almost complex structure, and J an almost symplectic structure. Treating 
J as the fundamental form, it is then a familiar result on almost Hermitian manifolds that 
the existence of an almost complex structure and a fundamental form allow one to construct a 
Hermitian metric. 

We can similarly ask what happens to spinors for a structure group SU{3). In this case 
we have the isomorphism Spin{6) = S'f7(4) and the four-dimensional spinor representation 
decomposes as 

4 = 1 + 3 r] . (D.14) 

We find one singlet in the decomposition, implying the existence of a globally defined invariant 
spinor r]. Again, the converse is also true. A metric and a globally defined spinor r] implies that 
M has SU (3)-structure. 

D.0.3 Intrinsic torsion 

One would like to have some classification of G-structures. In particular, one would like a gener- 
alization of the notion of a Kahler manifold where the holonomy of the Levi-Civita connection 
reduces to U{n). Such a classification exists in terms of the intrinsic torsion. Let us start by 
recalling the definition of torsion and contorsion on a Riemannian manifold {M,g). 

Given any metric compatible connection V' on {M,g), i.e. one satisfying V'^dnp = 0, one 
can define the Riemann curvature tensor and the torsion tensor as follows 

[V;,, V'Jl/p = -Rn^np^Vq " 2r„„'^V;yp , (D.15) 
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where V is an arbitrary vector field. The Levi-Civita connection is the unique torsionless con- 
nection compatible with the metric and is given by the usual expression in terms of Christoffel 
symbols Tmn^ = ^nm^- Let us denote by V the covariant derivative with respect to the Levi- 
Civita connection while a connection with torsion is denoted by V^"'"^. Any metric compatible 
connection can be written in terms of the Levi-Civita connection 

V(^) = V - K , (D.16) 

where Kmn^ is the contorsion tensor. Metric compatibility implies 



mpn 1 



where K-mnp — l^mn 9rp • {^■^'^) 



Inserting ()D.17|) into HD.15|) one finds a one-to-one correspondence between the torsion and the 
contorsion 

T P — -(k P — k P) = k, iP 



(D.18) 



Tmnp ~l~ TpYnn ~\~ '^pnm ■ 



These relations tell us that given a torsion tensor T there exist a unique connection V*^^^ whose 
torsion is precisely T. 

Now suppose M has a G-structure. In general the Levi-Civita connection does not preserve 
the G-invariant tensors (or spinor) ^. In other words, V.^ 7^ 0. However, one can show [41], that 
there always exist some other connection V*^^) which is compatible with the G structure so that 

V^^)^ = . (D.19) 

Thus for instance, on an almost Hermitian manifold one can always find V^^^ such that V^^^ J = 
0. On a manifold with S'f/(3)-structure, it means we can always find V*^^^ such that both 
VC^) J = and V^^^n = 0. Since the existence of an 5'?7(3)-structure is also equivalent to the 
existence of an invariant spinor i], this is equivalent to the condition V^^-^^ry = 0. 

Let K be the contorsion tensor corresponding to V^"'"^ From the symmetries ()D.17|) . we 
see that k is an element of A^ where A" is the space of n- forms. Alternatively, since 
A^ ^ so{d), it is more natural to think of Kmn^ as one- form with values in the Lie-algebra so{d) 
that is A^ so{d). Given the existence of a G-structure, we can decompose so{d) into a part in 
the Lie algebra g oi G C. SO{d) and an orthogonal piece = so{d)/g. The contorsion k splits 
accordingly into 

K = K^ + , (D.20) 

where kP is the part in k^(iQg-^ . Since an invariant tensor (or spinor) ^ is fixed under G rotations, 
that action of (7 on ^ vanishes and we have, by definition, 

V(^)^ = (V - K° - ^ = (V - K°) C = . (D.21) 

Thus, any two G-compatible connections must differ by a piece proportional to and they 
have a common term kP in A^ ® g^ called the "intrinsic contorsion" . Recall that there is an 
isomorphism ()D.18|) between k and T. It is more conventional in the mathematics literature to 
define the corresponding torsion 

r°/ = «f™/eA^®<7^, (D.22) 

known as the intrinsic torsion. 

From the relation ()D.21|) it is clear that the intrinsic contorsion, or equivalently torsion, is 
independent of the choice of G-compatible connection. Basically it is a measure of the degree to 
which V.^ fails to vanish and as such is a measure solely of the G-structure itself. Furthermore, 
one can decompose into irreducible G representations. This provides a classification of G- 
structures in terms of which representations appear in the decomposition. In particular, in the 
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special case where kP vanishes so that = 0, one says that the structure is "torsion- free" . For 
an almost Hermitian structure this is equivalent to requiring that the manifold is complex and 
Kahler. In particular, it implies that the holonomy of the Levi-Civita connection is contained 
in G. 

Let us consider the decomposition of in the case of 5C/(3)-structure. The relevant repre- 
sentations are 

Ai~3©3, c/~8, 5^~1©3©3. (D.23) 

Thus the intrinsic torsion, which is an element of © su{3)'^, can be decomposed into the 
following SU (3) representations 

A^©six(3)^ = (3©3)©(1©3©3) ^^^^^ 

_ _ _ , (D.24) 

= (1 © 1) © (8 © 8) © (6 © 6) © (3 © 3) © (3 © 3)' . 

The terms in parentheses on the second line correspond precisely to the five classes Wi, . . . , W5 
presented in table 13. ll We label the component of in each class by Ti, . . . , T5. 

In the case of S'{7(3)-structure, each component Ti can be related to a particular component 
in the SU (3) decomposition of dJ and dfi. From HD.21() . we have 

dJmnp = ^'^[mn '^r\p] j m 9c;\ 

'^^^mnpq — [mn r\pq] ■ 

Since J and are SU (3) singlets, dJ and are both elements of A^ © su{3)-^. Put another way, 
the contractions with J and O in HD.25|) simply project onto different SU{3) representations of 
T^. We can see which representations appear simply by decomposing the real three- form dJ 
and complex four-form dfl under SU{3). We have. 



(D.26) 



(D.27) 



20 = (1 © 1) © (6 © 6) © (3 © 3) , 

and 

dn = {dnf'^ + {dnf/ + {dnf'° , 

24 = (3 © 3)' © (8 © 8) © (1 © 1) . 

The superscripts in the decomposition of dJ and dQ refer to the (p, Q')-type of the form. The 
subscript refers to the irreducible SU{3) representation where the trace part, proportional 
to J" has been removed. Thus in particular, the traceless parts {dJ)Q'^ and {dQ)'^''^ satisfy 
J A {dJ)Q'^ = and J A {dQ,)fj'^ = respectively. The trace parts on the other hand, have the 
form ((iJ)i'° = a A J and {dnf'° = /3J A J, with a ~ *( J A dJ) and /3 ~ *( J A dn) respectively 
Note that a generic complex four-form has 30 components. However, since is a (3, 0)-form, 
from HD.9() we see that dil. has no (1, 3) part, and so only has 24 components. Comparing (|D.26|) 
and (|D.27|) with (|D.24j) we see that 

dJ e Wi © W3 © W4 , G Wi © W2 © W5 , (D.28) 

and as advertised, dJ and dfl together include all the components Tj. Explicit expressions for 
some of these relations are given above in l|3.26jl and (|3.29|) . Note that the singlet component 
Ti can be expressed either in terms of (dJ)^'^, corresponding to 17 A or in terms of (dO,)^'^ 
corresponding to J A dil.. This is simply a result of the relation (|D.12|) which implies that 
n AdJ = J Adn. 
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Appendix E 

The Ricci scalar of half-flat manifolds 



The Riemann curvature tensor is defined as 

where </) denotes a general connection that contains two contributions 4'mn' = ^mn' + i^-mn' 
where Vmn' = ^nrn' denote the Christoffel symbols and Kmn' is the contorsion, out of which we 
define the torsion 



^mnp 



For the Ricci tensor we use Rnp = Rnmp^- The simplest way to derive the Ricci scalar for the 
manifold considered in section Tci.^.ll is by using the integrability condition one can derive from 
the Killing spinor equation ()3.14|) . 

^^J2p,r^^ = 0, (E.4) 

where the Riemann tensor of the connection with torsion is given by ()E.H) 

^rnnpq — -R{^)mnpq ^ ^ m^npq ^ nl^mpq l^mp l^nrq ~l~ l^np l^mrq ■ (E'5) 

Here R{T)mnpq represents the usual Riemann tensor for the Levi-Civita connection and the 
covariant derivatives are again with respect to the Levi-Civita connection. For definiteness we 
choose the solution of the Killing spinor equation H3.14() to be a Majorana spinor.^ Multiplying 
(|E.4|1 by F" and summing over n one obtains 

- 2i?P2r> = . (E.6) 

Contracting from the left with r/tr™ and using the conventions for the Majorana spinor s (|A.33|1 
one derives 

2i?(^) = i?(J2p,r?tr™r? . (E.7) 
where R^'^'^ represents the Ricci scalar which can be defined from the Riemann tensor ()E.5|) . 



Expressing Rmnpq in terms of R{V)mnpq from ()E.5|) . using the Bianchi identity i?(F)^[„pg] = 
and the fact that the contorsion is traceless ACmn™" = f^^mn = which holds for half flat manifolds 
one can derive the formula for the Ricci scalar of the Levi-Civita connection 

R = -Kmnpti'''"^ - -e^^'^CV^/^np, - K^p^K^lq^rs ■ (E.8) 



In order to simplify the formulas we evaluate ()E.8|) term by term. The strategy will be to 
express first the contorsion n in terms of the torsion T HE.3|) and then go to complex indices 



^The results are independent of the choice of the spinor, but the derivations may be more involved. 
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splitting the torsion in its component parts T102 and T3 which are of definite type with respect 
to the almost complex structure J. 
The first term can be written as 

A = —K ^npm _ _(rp ,rp ,rp \rpnpm _ rp rpmnp _ cyrp rpnpm q\ 

Using (|3.27|) and H3.29() one sees that the first two indices of T are of the same type and thus 
one has 

A = (Tie2)a/3^me2)"^^ - 2{T,^2)a^.,{Tie2f^'' + {n)^(3^{Tsr^^ + c.c. , (E.IO) 

where c.c. denotes complex conjugation. 

The second term can be computed if one takes into account that the 4 dimensional effective 
action appears after one integrates the 10 dimensional action over the internal space, in this 
case Y. Thus the second term in (|E.8|) can be integrated by parts to give^ 



1 1 

D mnpqrs /T7 ^ \ J mnpqrs 1^ V7 T ('T? 1 1 A 

JD — \v rni^npq j-Jrs ~ 2 i^npq^ m,<Jrs- K'-'-'-^) 

Using (|3.15|) and (|D.18|) we obtain after going to complex indices 

B — 6 TjYijipTqf Jig (E.12) 



-e 



The 6 dimensional e symbol splits as 

^a/3-ya0^ _ _j^^al3'y ^a0^ ^ (E.13) 

and after some algebra involving the 3 dimensional e symbol one finds 

B = -2(Tie2)a/37me2)"^^ - 4(Tie2)a/37(Tie2)^^" - 2{n)^p^iT3r^^ + c.c. . (E.14) 
In the same way one obtains for the last term 

C = le^^^'P'l'-'Kmp'KntqJrs = 2{Ti^2U'y{Timr^^ + 2{T^)^p^{T^rP^ + C.C. . (E.15) 



Collecting the results from (|E.10|) . HE.14I) and (|E.15|) the formula for the Ricci scalar HE.8|) 
becomes 

R = (Tie2)a/37me2)"^^ - 6(rie2)a/37me2)^^" + (T3),;3^(r3)-^^ + c.c. . (E.16) 

The first two terms in the above expression can be straightforwardly computed using 1)3. 27() . 
(ICTl) and 

(7'le2)a/37 = ^p||2 (^')a/3a^^°^7- (^-17) 

After a little algebra we find 

(rie2)a/3,(Tie2)"^^ = ^^{^').p^-p{^^T^^~^ (E.18) 



8\\n\ 

In order to obtain the above expressions we have used (|B.20|) and [92] 

^Strictly speaking in 10 dimensions the Ricci scalar comes multiplied with a dilaton factor 13.481 . However 
in all that we are doing we consider that the dilaton is constant over the internal space so it still make sense to 
speak about integration by parts without introducing additional factors with derivatives of the dilaton. 
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= -ig^-p{*^')^W^ + i{*^l^p (E.19) 



Oil* 

{^'W^ = (E.20) 



Integrating (|E.18|1 over Y we obtain 



{Tl(S2)ap-^{Tim) = g||^^||2^ ' (E.21) 



16p||2/C 4||0||2/C ■ 

Finally, we have to compute the third term in (|E.16|) . For this we note that, since dJ is in 
+ W2 + W3, the torsions Tu and T3 both appear in Projecting on the (3,0) 

component, we find a relation between and (3^\[3.o)i which using the explicit expression for 
the torsion HE.17|) can be written 

= ~ ^||^||2 ^°/37- {E.22) 

The (2, 1) component gives T3 in terms of the (2, 1) part of 

(T3)„;37 = -^«*e,/30^^. (E.23) 

To obtain an explicit expression for the third term in (|E.16|1 . we compute the following 
quantity 

^ /3° A = + ^ (E.24) 

On the other hand, the same integral appears in 

/30 A = - [(ImA^)-i]°° = (E.25) 

The simplest way to see this is by using a mirror symmetry argument. We know that under 
mirror symmetry the gauge couplings A4 and M are mapped into one another. This also means 
that (ImA^)~^ is mapped into {lmj\f)~^ and this matrix is given in HB.86|1 for a Calabi-Yau 
space. From here one sees that the element [(Im AA)~^] is just the inverse volume of the mirror 
Calabi-Yau space. Using again mirror symmetry and the fact that the Kahler potential of the 
Kahler moduli ()B.81|) is mapped into the Kahler potential of the complex structure moduli 
HB.92|) we end up with the RHS of the above equation. 
Now we obtain 

Inserting HE.21|) and (|E.26|) into HE.16|) and taking into account that all the terms in HE.21I) 
and (|E.26() are explicitly real such that the term 'c.c' in HE.16|) just introduces one more factor 
of 2, we obtain the final form of the Ricci scalar 

i2 = -ieie,y^ [(ImA^)-i]°° , (E.27) 



where we have used again HE.25() . 
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Appendix F 



Display of torsion and curvature 
components 



The conventional constraints compatible with the assumptions (|4.15l - l4.16() and ()4.21|) are the 
following: 

T^b" = rjfe« = 

rpCBa _ n t^7/3a _ n 

rpc0A _ n T^7Bd _ n (F-1) 

J-^Ba — ^ C^A — U ^ ' 

rp Ba n rp aA n 

Teb-^ = 0. 



There is a particular solution of the Bianchi identities for the torsion and 3-"form subject 
to the constraints H4.15l - l4.18() . ()4.2UI ~ l4.21() and HF.1|) . which describes the N-T supergravity 
multiplet. Besides the constant T^^"" and the supercovariant field strength of the gravipho- 
tons, Tcf," = -Fcfe") the non-zero torsion components corresponding to this solution are then the 
following: 



T^CBU 

-^7/3 


= 4e^^t[<^«l"e'^ 


''-CB 




-^7 /3d 


„, ^CBAF\ 

— qe^f^e A^a 


rpiPa 
-'CBA 


= qe^^ScBAA^'' 






J-Cb 




T^C a 
^"1 bp^ 




-'-Cba 


= 2(cTb,)^^C/"^c 


rpC A 


= i(cT6a'='^)^di^dc[^*]e-<^ 


-'-CbA 


= iiabCT'^y'^Fdci. 


TcbAa 


= -{^(^cbV'^^(-iPa)A 


rp Ad 





(F.2) 



- itr (a,bC7a/)F«/ [Ap] - ifr (^7,f,aa/)F«/ t^^l 



with ?7a^A = -|(A^cJaAA - ^^A-^^f^aAp), -P and P are given in equations H4.4U|) and (|4.41|) . while 
^(7/3a)A and S^^'^")^ are the gravitino "Weyl" tensors. 
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Furthermore, the Lorentz curvature has components 

Ri%ba = -4edc6aC/''°c(cT^e)7'' Rcv^ba = 

R'icba = -2i(a,)5^(ecTb,).^S(^/^'^)° R^^ = -2i(ae)°^(ec7fe,)^^S(^^,)o (F.3) 
-'^iv{abaCT,f){a,K)sF-f^^^^e-^ -§tr(a6,ae/)(a,A^)'^F-/[nA]e-^ 
+ i (cTcaeCT6a A° )5P' +1 {a^aeObaXu fP' 



and 



1 1 

+ o {VdbRca - VdaRcb + VcaRdb " VcbRda) " ■^{VdbVca " 'nda'ncb)R (F.4) 

with the supercovariant Ricci tensor, R^b = RdcbaV^'^-, given by 

+\ {^(PbX^WK - iAVdPfoAp + e-2^i/rf*(AVbAp)} 

db 

-i-(AVdAp) {X^aiK) - ^VdbiX^XnCKK) (F.5) 
32 lb 

and the corresponding Ricci scalar, R = Rdbf]'^^, which is then 

R = -2P>P„0 - ^H*''H\e-^* + ^e-^'f'H*''{X^aa~XA) + ^(A«A^)(AbAa). (F.6) 

The tensors V^^^^q.) and are components of the usual Weyl tensor. Like the gravitino 

Weyl tensors, S^^^Q-j^ and S*^^^"-*^, their lowest components do not participate in the equations 
of motion. 

As for the 2-form sector, besides the supercovariant field strength of the antisymmetric 
tensor, -f^cbaj the non-zero components of the 3-form H, which do not have central charge 
indices, are 

H^^pa = -2iS^{aae)p^e^''' H% = 4((7,„A°)^e2'^ HZba = ^{aba\cVe^^ . (F.7) 

The components with at least one central charge index, are related to the torsion components 
by 

Hvcu = Txic^Qzu, (F.8) 

with the metric flzu defined in (|4.34|) . 
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